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Abstract

This thesis is concerned with momentum anisotropy in strongly correlated electron
systems,and exploresits origin and its consequencesthrough two contrasting projects.
The �rst is a study of the temperature dependencesof magnetotransport quantities in
the normal state of the cuprate high-temperature superconductors. A phenomeno-
logical anisotropic small-angle scattering model is investigated; Hall effect measure-
ments can be reproduced for parameters suf�cient ly close to particle-hole symmetry,
but the experimentally observed magnetoresistance cannot be explained. The second
project studies the phase diagram and quasiparticle propert ies of the square lattice
Hubbard model within two-site cluster dynamical mean-�eld theory (DMFT), at zero
temperature. The “two-sit e” approachprovides a drastically simpli�ed but physically-
motivated self-consistency schemefor DMFT. This is combined for the �rst time with
cluster DMFT, within which dif ferent magnetic orders and momentum anisotropy may
be represented consistently. The extent of antiferr omagnetism is determined; phases
are discovered where the Fermi surface consists of small hole pockets, and the Mott
transition happensasthesepockets shrink to points. Anisotr opic phenomena observed
in the cuprates are reproduced by the theory ; a pseudogap destroys the Fermi surface
in some places, leaving behind Fermi arcs that closed into hole pockets by lines with
very small quasiparticle residue.
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Chapter 1

IN TRODUCTION

Party is Natur e too, and you shall see

By forceof Logic how they both agree:

The Many in the One, the One in Many;

All is not Some,nor Somethe sameasAny...

GEORGE ELIOT

Middlemarch[1]
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This thesis is an investigat ion of the behaviour of electrons in solids. In the vast major-

ity of materials, the electrons moving within a lattice of atoms can be considered to

behave independently. The behaviour of a single electron can be extrapolated to all,

and electronic properties asa whole are well-understo od. However , circumstancescan

conspire such that this framework breaksdown, and certain materials exhibit peculiar

phenomena which defy explanation. The behaviour of many electrons collectively can

be quite dif ferent from what one would expect for electrons individually — and, more

surprisingly , the resultant phasesareoften completely stable,protected by higher orga-

nizational principles. Generally, the phenomena are apparent at low temperature, where

the relevant physical laws are from many-bodyquantummechanics.

Superconductivity is a familiar and unmissable example of a phenomenon whose

underlying physics is the collective behaviour of many electrons. In conventional

superconductors, the superconductivity is well-understood, and seededby the in�u-

ence of lattice vibratio ns (phonons); however, the focus of this thesis will instead be

upon instabilities of the electron gas caused by the interactions of electrons just with

one other. In the so-called “high-temperatur e” superconductors, the orig in of the

superconductiv ity remains mysteriou s,but it is widely believed that magnetic �uctua-

tions, due to the interactio ns between electrons,seedthe superconducting instability . It

is not just the high superconducting transitio n temperature (Tc) that makes thesemat-

erials peculiar; the “normal” stateof the cuprate high-temperature superconductors,

existing at temperatures above Tc, has many anomalous propert ies. Several of these

will be studied in this thesis; understanding the normal state of the cuprates is widely

believed to be a prerequisite to understanding their superconductiv ity.

The Mott insulator is another dramatic instance of the effects of electron correla-

tions. Materials which are predicted to be metals by band theory turn out to be insu-

lators, and the causeis electrons blocking eachothers' motions . There are unanswered

questions concerning the Mott transition between such an insulator and a metal — and

indeed the high temperature superconductors are often regarded asa doped Mott ins-

ulator. Later in this thesis the Mot t transitio n will be discussed in detail, and I present

calculations that aid our understanding of it.

Unfortunately , there is no way of observing dir ectly what the electrons in a material

are actually doing; experimental probes are limited and sophisticated, and it is often

dif �cult to disentangle the underlying physics. The job of the theorist is to invent and

investigate models for materials, and provide clues to understanding of their strange

properties. Suchmodels could bemicroscopic (such asthe Hubbardmodeldiscussedbe-

low), modelling the behaviour of the electrons from �rst principles; or constructed phe-

nomenologicallyfrom the results of experiments. In either case,the models should pro-
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1. IN TRODUCTION FERM I LIQUIDS

duce results which can be compared with experiments, and ideally predict the results

of futur eexperiments. Ultimately , with suf�cient insight, conscious design of materials

can becomepossible; perhaps to increasethe superconducting transitio n temperature,

or capitalize upon unusual propert ies to construct novel devices.

In the next part of this intr oduct ion I will discuss in more detail the conventional

framework for electron �uids (Fermi liquid theory ), and the Hubbard model. I will

then describe why strongly correlated electron systems are so dif �cult — but reward-

ing — to study, and the progressmade with a modern technique (dynamical mean-

�eld theory ). Finally, I will give an overview of the speci�c investigatio ns made in this

thesis.

1.1 Fermi liquid s

A metal contains a seaof mutually-repelling electrons in closeproximit y to eachother;

yet, strangely, their interactio ns are usually unimportant, and merely manifest them-

selves solely as a renormalization of the electron's mass. Effective electron masses

vary from close to the vacuum value (in s-electron metals, such as sodium), to being

hundr eds or thousands of times the bare mass in “heavy-fermion” materials such

as CeCu6� xAu x, where there is a large effective electronic interaction in the tight f -

electron orbitals. The ordinary behaviour of these electrons is described by the Fermi

liquid theoryof Landau [2]; non-interact ing electrons �ll up modes in momentum space,

yielding a Fermisurface— the locus of points in momentum-space that are �lled last.

At low temperature, the properties of the system depend only on small excitations

around this surface.

Such excitations are robust; if interactions are turned on adiabatically, and we can

keep track of the numbering of eigenstates,electronic properties are merely renormal-

ized.1 But we should not now think in terms of the original electrons, but instead

of quasiparticles, many-particle superpositio ns containing a fraction z (the quasiparticle

residue) of the original electron. Quasiparticles have a �nite lifetime as they are not

exacteigenstates.

There are special situations, however, where the Fermi liquid breaksdown, giving

a non-Fermiliquid [4]. In one spatial dimension, the destruction of a Fermi liquid giving

the dramatically dif ferent Luttinger liquid (where the charge and spin degreesof the

electron canseparate)is well-understood [5]. The focus for this thesis is two-dimensional

systems,which are not understood — perhaps one layer of a compound, where inter-

layer coupling is suf�ciently weak, such asthe CuO2 plane in many high-temperatur e
1The Fermi liquid is a “quantum protectorate” [3] — intricate details can be entirely neglected.
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1. IN TRODUCTION TH E H UBBA RD M ODEL

superconducting materials.

There are many possible mechanisms for the breakdown of a Fermi liquid. The

lifetime of the quasiparticles could become so small that the concept of a quasipar-

ticle ceasesto be meaningful; the marginal Fermi liquid seenin the normal state of the

cuprates (seeChapter 2) is believed to bean example of such asstate. Alternatively , the

quasiparticle residue z could tend towards zero — or the quasiparticle gets so heavy,

that it dies [6]. The Mott transitio n to an insulating state occurs like this (seeChap-

ter 3). A further possibilit y is superconductivity: an instability to an utterly dif ferent

lower energy state;2 interactions can be so large that the ground stateof the interacting

system is no longer connectedwith that of the original system.

In other cases,all we know is that there is experimental evidence that the single

electron-like quasiparticle is no longer the right description of the physics. Trans-

port measurements in the cuprates show that the electron appears to exhibit two dis-

tinctly dif ferent scattering rates [7, 8]; Chapter 2 is concerned with this phenomenon.

Breakdown of the Wiedemann–Franz law hasbeenobserved in a cuprate [9], implying

that there are somehow dif ferent types of electron involved in thermal and electrical

transport . Outside the cuprates, itinerant ferromagnets [10] and the bilayer strontium

ruthenate Sr3Ru2O7 [11] are examples of materials where non-Fermi liquid behaviour

hasbeenobserved. Proximit y to aquantum critic al point [12] is thought to bean under-

lying feature of many of these materials. Non-Fermi liquid behaviour can also be in-

duced arti�cially — for example, the fractional quantum Hall effect seenwith extreme

magnetic �elds.

1.2 The Hubbar d model

To investigate physics beyond the Fermi liquid a comprehensive but simple micro-

scopic model is required, for which the Hubbard model is commonly utilized. Elec-

trons are assumed to exist on a set of independent sites (Wannier orbitals, perhaps);

they have kinetic energy from hopping between sites, and potential energy from the

interaction between the electrons. The latter is representedin the Hubbard model by a

simple energy penalty U for any site which is doubly-occupied (i.e.containing both an

" -spin electron and a #-spin electron). The Hamiltonian ĤHubbar d = T̂ + V̂ , where

T̂ = � å
i j

t i j ĉ
y
i ;� ĉj;� = å

k ;�
� k ĉy

k ;� ĉk ;� and V̂ = U å
i

ĉy
i" ĉi" ĉy

i#ĉi# : (1.1)

The Hubbard model is parametrized by the dispersion � k , the Hubbard interaction
2Although superconductivity is to some extent basedupon the original Fermi surface.
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1. IN TRODUCTION STRON GLY CORRELATED ELECTRON SYSTEM S

energy U, and the number of electrons per site n. Clearly, in real materials the local

chemistry of multiple atomic orbit als etc. will mean that this is not an accurate repre-

sentation of the situation, but in many casessuch features will be irr elevant. Further

sophistication can be added subsequently if necessary. We are mainly interested in the

copper oxide plane, where it can be shown that the Hubbard model is a good repre-

sentation of the low energy physics [13].

Despite its simplicity and many years of study, much of the physics of the Hubbard

model remains unknown; 3 surprising ly simple facts, such as whether it hosts a ferro-

magnetic ground state, are still not resolved. Recently, the limit of in�nite dimensions

hasallowed considerableprogress,and provided insight into its behaviour in lower di-

mensions (seediscussion of dynamical mean-�eld theory below). The focus here is the

2D Hubbard model, and we aim to survey its phase diagram, concentrating on mag-

netism, asU and n are varied. A particular material, such asa high-temperatur e super-

conductor at a speci�c doping level, will fall at a single point on this phase diagram;

the general pictur e will be relevant to our understanding a wide variety of materials

and how their statesrelate to eachother.

In two limits the Hubbard model is easily understood. For U = 0, it is solvable

when Fourier-transformed, and the k-modes are �lled up one by one, giving a non-

interacting Fermi liquid. In the opposite limit ti j = 0, the sites are decoupled and can

besolved independently; the system is clearly an insulator . In the intermediate regime,

the Hubbard model is tough and the electrons have a character somewhere between

localized and itinerant: a stronglycorrelatedelectronsystem.

1.3 Strongly correlated electron systems

When the potential energy of electrons from interactions becomescomparable to their

kinetic energy, the system may be described as strongly correlated; typically , this oc-

curs in materials where d-electrons are active (e.g.cuprates, ruthenates). There is like-

wise a balancebetween itinerant and localized nature of the electrons, which manifests

itself as the boundary between wave- and particle-like nature: at low temperatures

quantum mechanics is important and wave-particle duality plays an import ant rôle.

Non-interacting electrons in a crystalline solid fall into eigenmodes of momentum,

de�ning a clean Fermi surface in momentum space, but the electron-electron inter-

action is fundamentally point-like in space. As this interaction increases,so does the

in�uence of local, particle-like physics and the Fermi liquid description is called into
3In one dimension the Hubbar d model has been solved exactly, although it is still not fully under-

stood.
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1. IN TRODUCTION OVERVIEW OF TH ESIS

question.

A strongly correlated regime is �nely balanced: small changes in parameters can

have dramatic effects on the system, so there is a wide variety of fascinating phenom-

ena and a real possibility of intelligent engineering. Another characteristic of such

systems is the simultaneous presenceof a large range of energy scales,which means

perturbation theory becomesuseless— there is no small parameter to use. It is dif-

�cult to know where to start; simple model Hamiltonians are useful for describing

regimes (perhaps protectorates) whose low energy behaviour is understood, but dras-

tic approximations to the Hubbard model Hamiltonian have often been misleading:

their results have been speci�c to the reduced model implemented and have not nec-

essarily re�ected genuine Hubbard model physics.

In the last 15 years, dynamicalmean-�eld theory (DMFT) has emerged as a well-

justi�ed, non-perturbat ive approach to strongly correlated electron systems. Inspir ed

by the limit of in�nite spatial dimensions, where physics is simpli�ed by being local,

DMFT encompassesfrom the outset both localized and itinerant physics. Within the

theory, particles are effectively localized on short timescales but itinerant over long

time scales;technically, this corresponds to a local but fully frequency-dependent self-

energy. DMFT can be derived analytically in the in�nite dimensional limit, giving it a

rigor ous basis; when applying it to �nite dimensional real systems, we know exactly

what approximation is being made. If its results turn out to be dif ferent from an exper-

iment, they are still informative: one could ask at what dimension there is a transit ion

— and whether it could be accessedin crystals with high coordinatio n number. Most

of this thesis is concerned with the use of DMFT to survey the phase diagram of the

Hubbard model.

1.4 Overview of Thesis

This thesis comprises two contrasting and complementary approachesto strongly cor-

related electron systems.The �rst is a phenomenological study of magnetotransport in

the cuprates; the starting point is not a microscopic model like the Hubbard model, but

instead a proposal is put forwar d inspir ed by experimental observations. Calculations

with the phenomenological model predict the results of other experiments, which tests

the veracity of the hypothesis. If it is successful, the form of such a model can provide

hints as to the microscopic physical processes which give rise to it, and considerable

insight into the import ant physics.

In contrast, the second part of the thesis is an investigat ion into the propert ies of a

particular microscopic model across a wide range of parameters. The results are rel-
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1. IN TRODUCTION OVERVIEW OF TH ESIS

evant to a variety of experimental circumstances;the phase diagram contains points

corresponding to individual compounds (including hopefully the normal state of the

superconducting cuprates), and so gives insight into the relationships between dif fer-

ent materials. Any experimentally relevant quantity may becalculated from the model,

and the details and origin of a phenomenon may be investigated further if comparison

to real observations is favour able.

There turn out to be surprising connections between the two projects,most notably

that of anisotropy: Chapter 6 and Chapter 7 give insight into possible mechanisms that

causeanisotropy, whereasChapter 2 describeseffects that anisotropy might have on a

system.

1.4.1 Magnetotransport

In the normal state of the cuprate superconductors, transpor t quantities under the

in�uence of a magnetic �eld exhibit peculiarly non-concordant propert ies. The Hall

coef�cient has a marked temperature dependence,at odds with the conventional the-

ory of metals according to which it should be constant; and the temperature depend-

enceof the magnetoresistance breaks the prediction of conventional theory, Kohler 's

rule. Together these seemto imply that the electron simultaneously exhibits two dif-

ferent lifetimes. The normal state is certainly peculiar — the resistivity shows a linear

temperature dependence— and many believe all thesephenomena are symptoms of a

non-Fermi liquid of an asyet unascertained nature.

Many have tried to explain the Hall effect measurements within the framework of

Fermi liquid theory, generally by invoking anisotropicscattering processes. One such

proposal is that of Varma and Abrahams [14], involving a small-angle scattering model

inspir ed by photoemission observations. In Chapter 2 I investigate this model in de-

tail using a numerical approach; this work has been published [15]. The calculations

aim to provide an independent veri�cation of the work of Varma and Abrahams on

the Hall effect, and more important ly to calculate the expected behaviour of the mag-

netoresistanceaccording to the small-angle scattering model — a quantity they do not

themselvescalculate. In the past, the magnetoresistancehasoften proved the de�nitive

quantity for discriminating between transpor t theories.

1.4.2 Cluster study of the Hubbard model

Little is known de�nitively about the Hubbard model away from half-�lling (the case

where there is exactly one electron per site), yet many fascinating materials such asthe

superconducting cuprates are believed to lie within its phasediagram. In this thesis, I

7



1. IN TRODUCTION OVERVIEW OF TH ESIS

investigate the Hubbard model using an implementation of dynamical mean-�eld the-

ory adapted so that calculations are relatively quick, so that the entire phase diagram

may be explored with accessto complete spectral informatio n. The technique is also

modi�ed so that it is able to represent antiferr omagnetic order and broad features in

momentum space. We concentrate on the 2D Hubbard model on a square lattice at

zero temperature, and do not allow the possibilit y of superconductivity .

Chapter 3 contains a detailed description of dynamical mean-�eld theory. Thereare

many methods for solving the self-consistent equations of DMFT, but they generally

require huge amounts of comput ational power. The approach within this thesis is to

representthe DMFT equations in a highly restricted, minimal way, which enablescom-

putational resourcesto be rechannelled towards extending DMFT. “Two-sit e” DMFT,

discussedin Chapter 4,effectively consists of Hartr ee–Fockmean-�eld theory together

with a single dynamical degree of freedom, that is self-consistently constrained with

physically well-justi�ed criter ia. It is probably the simplest model that is capable of

reproducing the key featuresof the Mott transition — proven many-body capabilities

that make it a useful kernel for other calculations.

In this thesis I combine two-site DMFT, for the �rst time, with “cluster DMFT”

(Chapter 5), where the single-site basis of conventional DMFT is extended to a clus-

ter of sites. Whilst neither two-sit e DMFT nor cluster DMFT maintain the rigor ous

in�nite-dimensional basis of pure DMFT, we can regard two- site cluster DMFT as a

sophisticated boundary conditio n that becomes exact in the limit of in�nite cluster

size. A cluster enablesa consistent approach to dif ferent magnetic orders such asanti-

ferromagnetism; also local lattice effects may play a rôle, and featurescan be resolved

in momentum space. This �exibility will turn out to be critic al for our understanding

of the Mott transit ion in the neighbourhood of antiferr omagnetism, and for modelling

anisotropic featuresin the cuprates.

Before intr oducing a cluster, I present results for ferromagnetic and antiferr omag-

netic phaseswithin ordinary two-sit e DMFT in Chapter 4, and subsequently I present

the phasediagram and quasiparticle properties for the Hubbard model under several

implementations of two-sit e cluster DMFT. The DMFT approach ensuresthat sophisti-

catedmany-body processesare included and soa large cluster is not required. The �rst

cluster results are contained in Chapter 6, where a 2 � 1 site “pair -cluster” is utilized;

this work was the subject of a published paper [16]. Finally, I increasethe cluster size

and investigate a 2 � 2 site “quad-cluster ” in Chapter 7.

8



1. IN TRODUCTION N OTES

1.5 Notes

� Vectors are written like k, and matrices like A. I shall use the symbol + to denote

that the quantities should becomeequal for self-consistency.

� Hamiltonians are denoted H , and will often include the � � N̂ term of the grand

canonical ensemble.

� The expectation of an operator Ô in a system with Green's function G is

hÔi =
Z + 1

�1
d! nF(! )

1
�

lim
� ! 0

Im tr [O � G(! + � � i � )] ; (1.2)

where the trace is over the basis in which O and G are matrices, and nF(! ) is the

Fermi function; generally I work at zero temperature (T = 0) where this becomes

the step function � (! ).

� I shall use the wor d “�nitesimal” to mean greater than in�nitesimal (the wor d

“�nite” is often used for this, but zero is �nite).

� Pleasenote the distinction between “two-s ite” and “pair -cluster” in later chap-

ters. Thesecorrespond to very dif ferent concepts, despite both referring to objects

consisting of two adjacent sites.
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Chapter 2

M A GN ETOTRA N SPORT IN TH E

CUPRATES: PH EN OM EN OLOGY

And there he plays extravagant matches

In �tless �nger -stalls

On a cloth untr ue

With a twisted cue

And elliptica l bill iard balls!

W ILL IA M S. GILBERT

TheMikado[17]
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2.1 Introduc tion

The cuprate materials that superconduct at high temperaturesturn out to exhibit many

bizarre properties in their normal state(i.e. at temperatures above the superconduct-

ing transitio n). Understanding the peculiar nature of the electronic excitations in this

phase is widely believed to be a prerequisite to understanding the mechanism for its

superconductiv ity. In this chapter, I shall concentrate upon several measurements

made of electrical transpor t in these compounds, under the in�uence of a magnetic

�eld. How these conductivit ies vary with temperature, and in relation to each other,

turn out to be signi�cantly dif ferent from that of a conventional metal, and shed light

on the nature of the electronic excitations. We will investigate the small-angle scat-

tering model proposed by Varma and Abrahams [14] to account for the anomalous

temperature dependences.

The approachof this chapter is phenomenological. Experiments cannot dir ectly reveal

the nature of electron scattering processes,which underlie many important properties

of materials. Instead, hypothetical scattering models may be constructed, and their

consequencescompared with experimental observations. Recentangle-resolved pho-

toemission spectroscopy (ARPES)experiments inspir ed the phenomenological model

of Varma and Abrahams; ARPESobservations revealed an anisotropicpart to the elec-

tronic lifetime, and the essenceof Varma and Abrahams' idea is to allocate this feature

to small-anglescatteringprocesses,wherein the momentum of an electron is not changed

signi�cantly . Temperature dependencesof the conductivit ies may be calculated from

the phenomenological scattering model including such a small-angle scattering term,

and compared with the experimental results. If the model proves correct, attention

may then be turned to speculate on possible microscopic causesof the scattering pro-

cesses,which may provide insight into details of the electronic properties of the normal

stateof the cuprates.

The remainder of this thesis implements a microscopic approach to understanding

materials, in contrast to the phenomenology of this chapter. Although the phenom-

ena investig ated are largely separate, Chapter 7 will provide a possible microscopic

explanation of the anisotropy observed in ARPESexperiments.

The original paper by Varma and Abrahams [14] contained serious calculational

errors [18,19,20], meaning that they overestimated the effectsof small-angle scattering

by several orders of magnitude. In a secondpaper [21] they maintained the veracity of

their idea and recalculated using a dif ferent method. We investigated the model num-

erically, an entirely independent approach; the results were published [15] although

disputed by Abrahams and Varma [21]. In fact, our calculations did generally agree

11
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well with their results, but additionally focused upon the magnetoresistance, a quantity

that they never calculated dir ectly. The magnetoresistance is a sensitive test of any

transport theory (seefor example Ref. [22]), and we shall see(in §2.5.2)that it is the

de�nitive discriminator for the small-angle scattering model.

All quantities shall be regarded assolely two-dimensional; the important physics of

the high-temperatur e superconducting cuprates lies in the CuO2 plane that they have

in common, and the inter-plane coupling is known to be weak. In §2.2 I shall detail

transport and ARPESexperiments on the cuprates, and explain why the temperature

dependencesof the conductivit ies are apparently inconsistent. §2.3describestheoret-

ical approachesto transport calculations. I show in §2.3.1how the Drude theory is

inadequate for the cuprates, and in §2.3.2how Anderson proposed altering the stan-

dard pictur e to �t experimental observations, and the attempts by other researchers to

give his pictur e some foundation. §2.3.3details what is meant by small-angle scatter-

ing in the proposal of Varma and Abrahams. My calculations are described in §2.4,

beginning with Boltzmann transport theory and how the standard solutio n is altered

to include the particular featuresof the Varma–Abrahams model, and ending up with

an analytical framework to understand numerical results. The numerical method is

presentedin §2.4.3,and I presentan overview of the results (§2.4.4)together with de-

tailed graphs for the speci�c model studied in Abrahams and Varma's later paper [21]

(§2.4.5).Finally, I discussand interpr et the �ndings (§2.5).

2.2 Experim ents

The transport quantities that underlie the study contained in this chapter are the resis-

tance,Hall effect and magnetoresistance. In this section I will outline the conventional

theory for eachof the threequantities, and compare with the anomalous behaviour in

the cuprates, focusing upon their temperature dependences. We are interested in the

cuprates in their normal state, i.e. at relatively high temperatures, above the super-

conducting transition; and near optimaldoping(the concentration of dopant atom that

gives the highest superconducting transition temperature). This is the “strange metal”

phaseindicated on the phasediagram of the cuprates in Fig. 2.1(a).The coneabove the

superconducting dome is believed to be characterized by �uctuations from a quantum

critical point; the strange metal may have the universal properties of a protectorate [3],

and indeed CeCoIn5 near a quantum crit ical point exhibits the same set of transpor t

properties as the cuprates [23].

Angle-r esolved photoemission spectroscopy (ARPES)gives an independent set of

information about the nature of the quasiparticles in the strange metal; §2.2.4contains

12



2. M A GN ETOTRA N SPORT IN TH E CUPRAT ES EXPERIM EN TS

PSfragreplacements

T

Doping

Pseudogap

Superconducting

Antiferr omagnetic insulator

Fermi liquid

Non-Fermi liquid
(strange metal)

(a) (b)

Figure 2.1: (a) Phasediagram of the cuprates. Here we study the temperature dependencetransport properties of
the “strange metal” phasenear optimal doping (shaded). (b) Temperature dependenceof the resistancetaken from
Chien etal. [8]. It obeysa law � � A + BT where the residual resistivity A depends on the in-plane Zn doping and
B is a constant of the marginal Fermi liquid.

a rationalizatio n of someof the ARPESobservations.

2.2.1 Resistance

In metals, the acceleration of electrons by an electric �eld is reduced to equilibrium by

scattering, from impurities and lattice vibrations for example. As long as the electric

�eld E is small, the current J will be proportional to it, and the longitu dinal resistivit y

is de�ned � = jEj=jJj. A conventional Fermi liquid of electrons is expected to have a

temperature variation � � T2 at the lowest temperatures,but usually this is obscured

by phonon scattering, for which one would expect � � T5 at low T and � � T at high

T [24].

In the cuprates near optimal doping (seeFig. 2.1(a)),however, a very good linear-T

law � = A + BT is observed for a wide range of temperatures — seeFig. 2.1(b) and

Refs[25, 8] for example. This behaviour has de�ed explanation: it is neither a conven-

tional Fermi liquid nor phononic in origin. Other experiments on the cuprates (such as

ARPES[26]) have con�rmed that the T-linearity is intrinsic to the single-electron relax-

ation rate, and is consistent with a hypothesis of a scale-invariant �uctuation spectrum

and proximity to a quantum critic al point [26]; Varma et al. [27] termed this state a

marginal Fermiliquid. It seemsthat at the Fermi surface, the quasiparticle residue goes

to zero: quasiparticles have very short lifetimes and are constantly �ittering in and

out of existence.However , I am not concerned here with the origin of marginal Fermi

liquid behaviour, but just the relationshipsbetween the resistance and the transpor t
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properties under the in�uence of a magnetic �eld, that are discussedin the succeeding

sections.

2.2.2 Hall effect

If a magnetic �eld is intr oduced perpendicular to the plane of a sample, a electric �eld

Ey is generated transverseto the applied electric �eld Ex. This is becausethe magnetic

�eld causeselectrons to curl to one side and charge builds up (until the electric �eld

generated cancelsthe effect of the magnetic �eld). The Hall coef�cient RH is de�ned

as Ey=Jx. For free electrons, and experimentally in almost all materials, RH is a con-

stant that depends only on the electron density (RH = 1=ne). However , the cuprate

superconductors show a marked monotonic decline in RH with increasing tempera-

ture, continuing up to very high temperatures.

The physics needsto be formulat ed with tensors for conductivit y � and resistivit y

� , related by matrix inversion, de�ned by

J= � E; i.e.

 
Jx

0

!

=

 
� xx � xy

� � xy � xx

!  
Ex

Ey

!

; and

 
Ex

Ey

!

=

 
� xx � xy

� � xy � xx

!  
Jx

0

!

(2.1)

(if the material has x-y symmetry). The Hall angleQH , de�ned by

cotQH =
� xx

� xy =
� xy

� xx ; (2.2)

is a better quantity to consider than RH , as longit udinal effects are factored out (see

§2.3.1).Intuitively , QH is the angle by which an electron deviates from the straight -on

path, due to the magnetic �eld, and in conventional metals cotQH has the sametem-

perature dependenceas the resistivity � . In the cuprates, the decline in RH alerted re-

searchersto the fact that QH exhibits adif ferent temperaturedependenceto � : cotQH �

C+ DT2. Surprisingly and signi�cantly , this rule is even more robust than the linear-T

resistivit y. The offset C changeswith in-plane zinc-doping, asshown in Fig. 2.2(a):this

is a similar effect to that seenin the residual resistivity A, and implies that cotQH also

measuresan electronic scattering inverse lifetime, to which impurity scattering would

give such an additive constant. The gradient D, on the other hand, varies with the

carrier doping (seeFig. 2.2(b).

Theseresults seemsto imply that the electronic quasiparticles have two dif ferent

lifetimes for the processeswhich contr ibute to the resistanceand the Hall effect respec-

tively . This bizarre situatio n, where the electron appears to split into particles with

dif ferent character, has beentaken asevidence for spin-charge separation in the CuO2
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(a) (b)

Figure 2.2: (a) Temperature dependenceof the Hall angle in in-plane zinc-doped YBa2Cu3O7� � , taken from Chien
et al. [8]. (b) Temperature dependence of the Hall angle in out-of-plane cobalt-doped YBa2Cu3O7� � taken from
Carrington et al. [28]. Cobalt changesthe hole concentration in the CuO2 plane. The Hall angle is believed to obey
a law cotQH � C+ DT2 where C depends on the in-plane impurity doping and D on the carrier doping.

plane — analagously to 1D systemswherein it is known that the electron splits into two

dif ferent components, the holon and the spinon. The breakdown of the Wiedemann–

Franz law observed at low temperature in a cuprate [9], adds further credenceto this

view. However , we shall not explore these ideas further here; the small-angle scat-

tering model of Varma and Abrahams that we investigate is one of many attempts to

explain the observations whilst staying within the conventional Fermi liquid pictur e

(see§2.3).

2.2.3 Magnetoresistance

The magnetic �eld also causesan increasein the resistanceof a sample, known as the

magnetoresistance. It is de�ned

D�
�

=
� (B) � � (0)

� (0)
=

D� xx

� xx = �
D� xx

� xx �
�

� xy

� xx

� 2

; (2.3)

and is proportional to B2, for small �elds. Intuitively the origin of the magnetoresis-

tance is the curving of electron paths away from the straight -on dir ection, thus reduc-

ing conductance. It is more subtle than this, however: in an isotropic metal, the magne-

toresistancecanbeshown to bezero [24], becausethe Hall �eld restoresthe straight -on
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(a) (b)

Figure 2.3: (a) Temperature dependenceof the magnetoresistance D� =� in YBa2Cu3O7� � and La2� xSrxCuO4 (� ,O;

� ) taken from Harris et al. [30], �tted to (C + DT2)
� 2

(dashed line) and T� 4 (solid line). The inset shows cotQH �
C + DT2 with only slightly dif ferent values of C and D. (b) Kohler plot for a YBa2Cu3O7� � sample, showing plots
for temperaturesbetween 90K and 175K.If Kohler 's rule wereobeyed, all lines would coincide. The inset is a zoom
showing higher temperatures.

path for an electron. The casewhere there is an observable magnetoresistive effect is

when the Fermi surface is not circular; the magnetoresistancein effect probesthe vari-

anceof the Hall angle around the Fermi surface. In a conventional metal D� =� / B2=� 2

(see§2.3.1).On a Kohlerplot of D� =� vs B2=� 2, points fall on a straight line that has a

gradient independent of temperature — this is Kohler's rule. [29]

However , in the cuprates Kohler 's rule is strongly violated [30]. It is believed that

(for temperature dependences) the magnetoresistance in cuprates is no longer pro-

portional to the inverse square of the resistivit y � � 2. Instead, it is proport ional to

the square of the Hall angle D� =� � cot� 2 QH � (C + DT2)
� 2

, creating a “modi�ed

Kohler 's rule.” However , magnetoresistance is a very sensitive experiment and this

relationship is somewhat controversial — for example, Malinowski et al. [31] provide

evidence suggesting that a dif ferent relaxation rate (see§2.3.1)is associatedwith the

magnetoresistancethan that for the Hall effect.

2.2.4 Photoemission

Mor e recently, angle-resolved photoemission spectroscopy (ARPES)experiments have

shed light on the detailed properties of the electronic quasiparticle. ARPESmeasures
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the distributio n, with angle and energy, of electrons emitted when a sample is bom-

barded with photons; a density A(! ; k), closely related to the spectral function, can be

deduced from this distributio n. Near the Fermi level, for non-interacting electrons at

low temperature,one would expecta sharp peak (in energy space)following the Fermi

surface (in momentum space),and for real electrons the peak is broadened. The width

of the peak determines the inverse lifetime, or scattering rate, of an electron at that

momentum.

In the cuprates, the scattering rate around the Fermi surfaceobserved by ARPES[32]

can be interpr eted as having two components [33] (see Fig. 2.4). First, there is an

isotropic inelastic contribu tion with a linear temperature dependence, coming from

electron-electron scattering in a marginal Fermi liquid. Second, there is an elastic

temperature-independentcontr ibution which is anisotropic. Measuring angles with res-

pect to the kx dir ection around the hole-like Fermi surface of the cuprates (centred at

(� ; � )), this anisotropic contribut ion peaks at angles � = 0; � =2 : : : , and is smallest at

� = � =4; 3� =4 : : : ; often this variation is modelled with a cosine,asshown in Fig. 2.4(b).

The larger scattering rate in regions near (� ; 0) etc. meansthat the electrons there,hav-

ing a shorter lifetime, are less well-de�ned, preempting the pseudogapregime where

there are no low-energy excitations available to give rise to freeparticles — seeChap-

ter 6 and Chapter 7.

In summary, our interpr etation of this scattering rate can be written

� � 1(� ; T) � A + BT| {z }
� � 1

M

+ � � 1
i cos2 2� ; (2.4)

where the inverse lifetime � � 1
M is the marginal Fermi liquid scattering rate, and the

amplitude of the anisotropic contribut ion is � � 1
i .

2.3 Transport theori es

2.3.1 Conventional theory

In a conventional metal, transport properties are described well by a fairly straight for-

ward theory. The relaxationtime approximationis used, where quasiparticles, anywhere

on the Fermi surface, decay toward equilibrium exponentially with a single lifetime �
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FIG. 3. Momentumwidths (componentsperpendicularto the
Fermi surface)as a function of temperaturefor different posi-
tions on the Fermi surface,obtainedby fitting the MDCs with
Lorentzianline shapes.Widths aremeasuredat the Fermi level
andat the leadingedge,in the normalandin the superconduct-
ing (gray region) state,respectively.

Therefore,uncertaintiesare largestin this region. In the
superconductingstate, the momentumwidths appearto
saturateasonemoves away from the nodal line. This is
consistentwith theemergenceof asharppeakin theEDCs,
which hasa temperature-independentwidth [14].

Theproductof themomentumwidthsandtheFermive-
locities provides the scatteringratesor inverselifetimes.
In Fig. 4(a), we show the measuredvelocitiesas a func-
tion of positionaroundtheFermisurface.Velocitieswere
obtainedfrom dispersionsdeducedfrom MDCs. The low
energy part in sucha dispersion(� �� meV 
 � 
 � , for
thenormalstate,and� �� meV 
 � 
 � �	 � � � � �, for the
superconductingstate)is thenfittedby astraightline, with
thesloperepresentingthevelocity. Thevelocity is shown
bothfor thenormalstate,� � , whereit appearsto benearly
constantover a large fraction of the Fermi surface, and
for the superconductingstate,� 
� [15]. The ratio of the
velocities � � � � 
� is also shown. Note that due to the
changein velocity, thescatteringratesaresignificantly re-
ducedbelow � � for points away from the node. Finally,
in Fig. 4(b) we show thesingle-particlescatteringratesat
differentpointson theFermisurfacefor two temperatures,
100 and 300 K. Thesescatteringratesare obtainedby
multiplying the momentumwidths in Fig. 3 by the nor-
mal-statevelocitiesindicatedin Fig. 4(a).

Now we focus on different aspectsof the resultspre-
sentedherefor thenormalstate.Fromthetemperatureand
� � dependenceof the single-particlescatteringrate (for
� � � ), it is possibleto calculatethe conductivity in the

FIG. 4. (a) Fermi velocities(componentsperpendicularto the
Fermisurface)in thenormal(solidsquares)andsuperconducting
(open squares)stateas a function of the angle � , defined in
the inset (seetext for details). The ratios betweenthe normal
stateandsuperconductingstatevelocitiesarealsoshown (open
triangles). (b) Normal statescatteringratesas a function of
� , obtainedby multiplying momentumwidths from Fig. 3 with
normal statevelocities.

normalstate. In a simpleDrude-typemodel,the conduc-
tivity is proportionalto the integral of � � 	 over theFermi
surface,where� � is theFermiwave vectorand	 � � � 	 �
is the meanfree path. However, the observation in Fig. 3
that	 � hasanegligible zero-temperatureoffsetonly along
thenode� �� � � � � , showsthatasimpleintegrationwould
give an incorrectresult for resistivity, the latter acquiring
a significant � -independentterm. This meansthat either
thenodalexcitationsplay a specialrole in thenormalstate
transport,or single-particlescatteringratesdiffer signifi-
cantlyfrom transportrates.Thatthenormalstatetransport
might be dominatedby the behavior found in the nodal
region, is not unreasonableif oneconsiderstheunderlying
antiferromagneticstructureof thesematerials.Along the
diagonaldirection, the spinson neighboringcoppersites
are ferromagneticallyaligned. Along the copperoxygen
bonddirection transportwill be frustratedby the antifer-
romagneticalignmentof the spinson neighboringcopper
sites. However, it is alsotrue that transportdiscriminates
scatteringevents,emphasizinglarge momentumtransfers
(small-angleevents do not degrademeasuredcurrents).
For example, recentthermal transportmeasurementson
YBCO have indicateda sharpincreasein the meanfree
pathbelow � � [16], a behavior different from that found
in ARPES for nodal excitations [5]. When the system
enters the superconductingstate, the phase space for
largemomentum(angle)transferscollapsesandthenodal

830
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Figure 2.4: (a) Temperature and momentum dependenceof momentum widths in Bi2Sr2CaCu2O8� � measured by
ARPES,taken from Valla et al. [32]. The temperature dependencehas the samelinear variation at dif ferent points
on the Fermi surface (positions (1) to (5), corresponding to � � � =4 through � � 0 respectively), but there is an
additional momentum-dependent, temperature-independent, scattering rate which is maximal at � = 0 (position
(5)). (b) Schematic diagram of this variation of scattering rate; c.f. Eqn 2.4.

(see§2.4.2).For freeelectrons (Drude model) one can show that

� xx � (ne2� =m)

� xy � (ne2� =m) (! c� )

D� xx �� (ne2� =m) (! c� )2

)

� � � � 1

cotQH � � � 1

D� =� � � 2

(2.5)

where n is the electron density, m is the effective massof an electron, and the cyclotron

frequency ! c � eB=m. Temperature should only affect the scattering rate � � 1, so � and

cotQH are expected to have an identical temperature dependence,and the magnetore-

sistanceis expected to behaveas D� =� � � � 2, which is Kohler 's rule. The cuprates do

not �t into this pictur e: � � T whereascotQH � T2, and Kohler 's rule is violated as

their magnetoresistanceD� =� � T� 4.
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2.3.2 Two lifetime model

Anderson [7] proposed that in the high- Tc cuprates the forms in Eqn 2.5 should be

altered to
� xx � (ne2� tr =m)

� xy � (ne2� tr =m) (! c� H )

D� xx � � (ne2� tr =m) (! c� H )2

)

� � � � 1
tr

cotQH � � � 1
H

D� =� � � 2
H ;

(2.6)

intr oducing two dif ferent scattering times: � tr for longitudinal transport, and � H for

transverse Hall-like effects. If these scattering times have the dif ferent temperature

dependences � � 1
tr � A + BT and � � 1

H � C + DT2, the cuprate experimental results are

reproduced correctly.

It hasnot proved easyto �nd models for the scattering of electrons which canrepro-

duce this phenomenology. Many authors have focused on the possibility of anistropic

scattering rates, beginning with the idea of “hot spots” on the Fermi surface at (� ; 0)

etc. [34, 35, 36, 37], akin to the ARPESexperiments above (seeChapter 6 and Chap-

ter 7 again where a possible microscopic origin is discussed). Similar ideas include

a varying lifetime around the Fermi surface [38], and an anisotropic scattering rate

which saturates [39]. The simplicity of the Drude forms (Eqn 2.5)belies the complica-

tions which ensue when quantities become anisotropic. A conductivity must �rst be

calculated by adding up the contribut ions from scattering rates in dif ferent places on

the Fermi surface (see§2.4),which must be inverted asa whole to give the resistivit y-

like quantities: all momenta couple together, with the result that any effects are, if not

muddled together, certainly nonintuitive.

Other proposals include a nearly-antiferr omagnetic Fermi liquid with vertex cor-

rections included [40], or even going beyond a Fermi liquid description inspir ed by

the spinons and holons in 1D systems [41, 42]; one of the aims of this chapter is to

gain intuitio n on whether a model that lies in a conventional Fermi liquid is capableof

producing the Anderson phenomenology.

2.3.3 Small-angle scattering

The focus of this study will be a model that lies within Fermi liquid theory, but uses

an unconventio nal form of the electron scattering rate including an anisotropic term

with restricted momentum transfer. Abrahams etal. [33] proposed that the anisotropic

contribut ion to the ARPESscattering rate (the � � 1
i term in Eqn 2.4) could be ascribed

to small-anglescattering. Varma and Abrahams [14] investigated a phenomenological

model including such a term and calculated that the resulting Hall angle had the square

of the temperature dependence of the resistivity , as required to match experiments on
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the cuprates.

In a small-angle scattering event there is little change to the momentum of an

electron, and intuitively such processesshould make negligible dif ference to trans-

port properties, but Varma and Abrahams claim that the combinatio n with anisotropy

createsan effective Lorentz force which changessign every � =4 round the Fermi sur-

face,and the resulting skewed distribut ion gives anomalous contibutions to the mag-

netotranspor t quantities. A possible physical origin of the small-angle scattering is

dopant impurites lying out of the copper oxide plane, suf�ciently far away that the mo-

mentum transfer is small. The cos2 2� anisotropy (c.f. Eqn 2.4)could conceivably come

from coupling to the copper d(x2 � y2) orbital, or perhaps evena preview �uctuation of

the instability to d-wave superconductivity at lower temperatures.Theseprovide reas-

surancethat there are credible physical mechanisms for the phenomenological model;

at this stagewe are not concerned further with them — only their consequences.

Small-angle scattering requires that we take account of not only where an electron

has been scattered from (scatteringout) but also where it scatters to (scatteringin) —

seeFig. 2.5. ARPES,which measures the lifetime of a momentum state, is blind to

scattering in and so we are free to speculate on it. Quantitatively , the scattering rate

� � 1(� ) can be writt en more fully as � � 1(� ; � 0), giving the rate of scattering from � to � 0

(note that theseprocessesare elastic). Small-angle scattering processesexhibit a strong

peak for � close to � 0, whereas conventional processes are insensitive to � � � 0. At

a point � , ARPESobserves the inverse lifetime of the state � � 1(� ) = å � 0� � 1(� ; � 0). A

possible realization of the full scattering rate is

� � 1(� ; � 0) = � � 1
M + � � 1

i j cos2� jj cos2� 0je
� (� � � 0)2

2� 2
c =� c ; (2.7)

where � c is the width of the small angle scattering (and note that the � � 1
i of Eqn 2.4 is

de�ned slight ly dif ferently ). Fig. 2.5shows a schematicvisualization of the small-angle

scattering process.

2.4 Calculations

2.4.1 Boltzmann transport theory

Boltzmann transpor t theory is a classical theory of transport in metals, and describes

the electron liquid in terms of the distribut ion of electrons fk in k-space,and how this

changesunder an applied electric �eld E, a magnetic �eld B, and somecombined scat-

tering rate Ck . The phenomenological scattering model described above will provide
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electrons that are scatteredout, and receivesthem when they are scatteredin. For the small-angle scattering studied
here, an individual electron has an even probability of being scattered (in) to anywh ere elseon the Fermi surface,
plusan enhanced probability of being scattered back (in) to where it came(out) from; this probability varies around
the Fermi surface and is zero in places. If all scattering-in anglesare integrated over, the overall scattering-out rate,
or lifetime, of a particular part of the Fermi surface must have the cos2 2� envelope observed by ARPES.

the quantity Ck , and from the change in distributio n of electrons we will be able to

calculate the conductiv ities � xx, � xy and D� xx, from which the quantities in §2.2can be

derived.

In Appendix A I give a derivation of the linearized Boltzmann equation (Eqn A.1)

vk � B �
@gk

@k
� Ck = E � vk

@f 0
k

@� k
(2.8)

where gk is the departur e from equilibrium such that fk = f 0
k + gk . Ck is the rate of

changeof occupation of the stateat k due to scattering processes,combining scattering

in to that k-state and scatteringout of that state. Sowe can write

Ck � å
k 0

h
Ck ;k 0gk 0
| {z }

Scattering in

� Ck 0;k gk| {z }
Scattering out

i
= å

k 0

h
Ck ;k 0gk 0

i
� gk =� (k) ; (2.9)

where Ck ;k 0 is the scattering rate from state k0 to k , and we have de�ned the inverse

lifetime� � 1(k) of a stateasthe combined scattering out rate å k 0Ck 0;k . Hence, following

21



2. M A GN ETOTRA N SPORT IN TH E CUPRAT ES CA LCULATION S

Kotliar etal. [43], we can write the Boltzmann equation in the form

å
k 0

Ak ;k0gk 0 = E � vk

 

�
@f 0

k
@� k

!

; (2.10)

de�ning the matrix A with elements

Ak ;k 0 �
�
1=� (k) + vk � B � r k

�
� (k � k 0) � Ck ;k 0 : (2.11)

To calculate the deviation from equilibrium gk , we need to invert the matrix A:

gk = A� 1E � vk

 

�
@f 0

k

@� k

!

; (2.12)

conductivit ies may be calculated dir ectly from gk :

J= 2å
k

vk g(k) ) � � � = 2 å
k ;k0

� (� k 0 � � F)v�
k A � 1

kk 0v�
k 0 ; (2.13)

noting that
�
� @f 0

k =@� k
� T! 0� � ! � (� k � � F), constraining all values of k under considera-

tion to be on the Fermi surface, if T � � F.

2.4.2 Jones–Zenerexpansion

Usually, the magnetic �eld B is small, and the matrix A(k ; k0) canbe inverted in powers

of B:

A� 1 ' T|{z}
A0

� T (vk � B � r k )T
| {z }

A1

+ T (vk � B � r k )T (vk � B � r k )T
| {z }

A2

+ : : : (2.14)

with implicit matrix multiplicatio n; T is de�ned by the condition

Tk ;k 0 = � (k)

 

� k ;k 0+ å
k 00

Ck ;k 00Tk 00;k0

!

: (2.15)

The conductivities � xx, � xy and D� xx are generated by the terms at B0, B1 and B2 re-

spectively, and variables can be changed from (kx; ky) to (� ; � ; ) for a circular Fermi
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surface:

� xx / å
k ;k 0

vx
k A0k ;k 0vx

k 0� (� k � � F) /
Z

d� vx(� )�̂ (� )vx(� ) (2.16)

� xy / å
k ;k 0

vx
k A1k ;k 0vy

k 0� (� k � � F) / B
Z

d� vx(� )�̂ (� )
d
d�

�̂ (� )vy(� ) (2.17)

D� xx / å
k ;k 0

vx
k A2k ;k 0vx

k 0� (� k � � F) / B2
Z

d� vx(� )�̂ (� )
d
d�

�̂ (� )
d
d�

�̂ (� )vx(� ) : (2.18)

The gradient r k has effectively becomed=d� under the changeof variable (seelater),

and T can be written asa local operator �̂ (� ) (seeRef. [14] for more detail). Symmetry

means that the three conductiv ities above are the only non-zero terms; and terms at

higher orders in B will just add further contr ibutions to the conductivities above. If

the Fermi surface is not circular, very similar expressionscan be derived (seelater); �

becomesthe path length s, and the density of states(or Jacobian)term jv(s)j appears in

various places.

In the relaxation time approximatio n, the second term of Eqn 2.15is discarded, so

the operator �̂ becomesa normal functio n � (� ). Secondly, its momentum dependence

is neglected, so in effect T (k ; k0) ! � . The dependencesfor � xx, � xy and D� xx thence

become � 1,� 2 and � 3 respectively, assummarized in Eqn 2.5.

For the model of Varma and Abrahams, Ck ;k 0 takes the form of the phenomenolog-

ical scattering rate proposit ion, such asthat in Eqn 2.7,and we must solve Eqn 2.15(in

the � basis). The original approach of Ref. [14] is to use � c asa perturbat ive parameter,

and solve Eqn 2.15 iteratively; however, this route is �awed [21] — and in any case,

to expect a perturbat ive correction to dominate one's results is manifestly inconsistent.

Features of small angle scattering can be used to simplify the equations and produce

analytic results [21]; we will compare with theseresults later.

Nevertheless, some insight can be gained from considering � c as a perturbative

parameter. For the caseof a circular Fermi surface,

�̂ (� ) = � M

�
1+

� 2
c� M

� i

�
cos2 2�

@2

@� 2 � 2sin 4�
@
@�

��
; (2.19)
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which generatesthe expressions

� xx =
ne2

m
� M

�
1 �

1
2

� 2
c� M

� i

�

� xy =
ne2

m
! c� 2

M

�
1 �

� 2
c� M

� i

�

D� xx = �
ne2

m
! 2

c� 3
M

�
1 �

3
2

� 2
c� M

� i

�
:

(2.20)

for the conductiv ities. Since � � 1
M � T, there are apparently new temperature depen-

dencesat �rst order in � 2
c. Theseare actually fallacious; for example, for the resistance

� = [� xx]� 1, all orders in � 2
c must beresummed and a constant is added to the resistance

— this is Matthiessen's rule.1 However , any real effectsof small angle scattering canbe

understood in terms of such an expansion in � M =� i , and we can postulate �nitesimal

corrections to the Drude forms:

� xx � � M

 

Cxx
0 � Cxx

1
� M

� i
+ Cxx

2
� 2

M

� 2
i

+ : : :

!

; (2.21)

� xy � ! c� 2
M

 

Cxy
0 � Cxy

1
� M

� i
+ Cxy

2
� 2

M

� 2
i

+ : : :

!

; (2.22)

D� xx � � ! 2
c� 3

M

 

CDxx
0 � CDxx

1
� M

� i
+ CDxx

2
� 2

M

� 2
i

: : :

!

: (2.23)

Theobserved transport properties aredetermined by the relative sizesof the Cf xx;xy;Dxxg
f 0;1;2g

coef�cients, and the circled terms are those that must dominate to match experiment.

The resistivit y � = [� xx]� 1 should be little affected by the anomalous terms and show

the marginal Fermi liquid behaviour � � � � 1
M � T, so to match experiment Cxx

1 �

Cxx
0 , etc. The Hall angle cotQH = � xx=� xy, however, is observed to vary as cotQH �

T2 � � � 2
M , so Eqn 2.22 must be dominated by Cxy

1 . The magnetoresistance D� =� =
� D� xx=� xx � (� xy=� xx)2 has an experimental dependenceD� =� � T � 4 � � 4

M , which is

apparently provided by (� xy=� xx)2. However , this term has the wr ong sign, and so

D� xx=� xx needsto have (negative) terms at � 4
M which dominate overall, and thencethe

next order coef�cient CDxx
2 must be the largest.

To draw conclusions, we need to actually do some real calculations that effectively

evaluate the sizes of the Cf xx;xy;Dxxg
f 0;1;2g coef�c ients, but the calculations must not rely

on the expansions above. Next I shall detail our numerical approach (§2.4.3),which
1In fact, Matthiessen's rule does not hold for the casewhen the extra scattering has a dif ferent mo-

mentum dependence,aswill be the casefor our model.
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Figure 2.6: Fermi surface for the ARPES best-�t shape of Norman et al. [44], translated from its (� ; � ) centre.
Discretization of the surface is illustrated by dots, although in practice several times asmany points than shown are
used (up to 1000). Fermi velocities at eachpoint are indicated by arrows (length in arbitrary units); the scattering out
rate � � 1(� ) is indicated by the shaded region (again in arbitrary units), and varies according to the model Eqn 2.7.

is entirely distinct from the perturbative analysis above, and then present its results

(§2.4.4). In §2.5 I shall discuss these results within the context of the previous para-

graph: is it possible for the small-angle scattering model to produce the right terms,

large enough to match experimental observations?

2.4.3 Numerical method

Here I present a completely numerical solutio n of the Boltzmann equation for the

small-angle scattering model. The input parameters will be �rst a dispersion � k and

chemical potential � that together de�ne a Fermi surfaceand Fermi velocities, and sec-

ond a general scattering rate � � 1(� ; � 0) from a point on the Fermi surface at angle � to

one at � 0. An example of such a small angle scattering model is given in Eqn 2.7,but

the calculations are not restricted to such a form.

To calculate the conductiv ities, we use Eqn 2.13,and changevariables form (kx; ky)

to (� ; s) where � is the energy and s the distance round the Fermi surface. The � sum

in Eqn 2.13vanishes with the � (� � � F), and there remains an s-sum constrained to the

Fermi surface. The Jacobiancan be shown to be 1=v(s) where v = jv(s)j is the Fermi

speed. The Fermi surface is now discretized, giving n points separated by equal dis-

tancesdsin k space.At eachpoint i, the Fermi velocity vi is obtained from the gradient

of the dispersion � k ; the scattering rate � � 1
i j to any other point j is also required, and

easily evaluated from the model � � 1(� ; � 0). Fig. 2.6shows an example discretized Fermi

surface with velocities and scattering rates.

A matrix A i j (the A of Eqn 2.11) is constructed with with diagonal elements Ai i =
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 i � � � 1
ii =vi and off-diagonal elements A i j = � � � 1

i j =v j , where 
 i = å j � � 1
i j =v j is the total

scattering-in to the point i (c.f. Eqn 2.9). To include the magnetic �eld, we note that

(vk � B � r k ) ! Bv(s)@=@s, becoming just a derivative with respectto s, so we can in-

clude B as additions � B on the sub- and superdiagonals respectively. The size of B is

arbitrary (as the Hall effect just scaleswith B and the magnetoresistancewith B2), but

must be small enough that higher orders are not important, and in line with real exp-

eriments. We chooseB such that cotQH � 102 and the relative change in conductance

with respectto B = 0 is small but observable,perhaps 10� 3.

Periodic boundary conditions are necessary, and we make sure that expression for

� � 1
i j is periodic with i and j, so there is scattering from � = 2� � � to � = 0 + � , and

that there are B elements in the corners of the matrix so that the �rst and last points

are linked for the gradient operator. Finally, we multiply rows by 1=vi to construct a

symmetric matrix (Ai j=vi), and Eqn 2.10becomes

å
j

�
A i j=vi

�
gj = å

j

 

 i

vi
� i j �

� � 1
i j

viv j

!

gj = vx
i =vi (2.24)

(vx
i means the x-component of the Fermi velocity at the ith point round the Fermi sur-

face). This is just a set of linear equations to solve for the displacements from equilib-

rium g, from which we can obtain the conductivit ies

� xx = å
i

giv
x
i =vi (B = 0) ; � xy = å

i
giv

y
i =vi ; D� xx = � xx � � xx(B = 0) (2.25)

(remembering the density of states Jacobian1=vi). Unfortunat ely, the matrix (Ai j=vi)

has the nasty property that eachof its rows and columns sum to zero: the matrix has

zero determinant and is not invertible. Physically, this makes senseas particles are

conserved — they must scatter to somewhere else on the Fermi surface. There are

mathematical consequences;�rst that there is no solution unless the right hand side of

the equation sums to zero also. vx
i will satisfy this constraint becausethere is no net

velocity without applied �elds. Second,the problem is underspeci�ed and there is no

unique solutio n: if we add a number to every element of such that gi ! gi + � , the

result will still be a solution; we have not told the mathematics that g is a departur e

from equilibrium, so this also makes sense. In practice, fort unately, numerical linear

equation solvers (seeAppendix C) areable to produce a solution to the setof equations,

which can be shifted gi ! gi + � , choosing � to ensure å i gi = 0.
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2.4.4 Results

Calculations have involved experimenting with many dif ferent dispersions and scat-

tering rate functions , and exploring what the small angle scattering model is capableof

producing. Fermi surfacesconsidered included the one illustrated in Fig. 2.8(a),the full

range shown in Fig. 2.7,and the ARPESbest-�t Fermi surface [44] (Fig. 2.6). A range

of scattering rateswere used, generally similar to Eqn 2.7,but extending to others such

as the varying- � c model proposed by Varma and Abrahams [18]. In this section I will

summarize our �ndings qualitatively , and in the following section (§2.4.5)I present

quantitative results for a best-�t to the parametrization of Abrahams and Varma [21].

In general the resistivi ty is little affected by the intr oduct ion of small-angle scatter-

ing, and obeys a nearly linear-T law, persisting from the � � 1
M of Eqn 2.4.

Similarly , the Hall angle generally maintains a nearly linear-T law from the � � 1
M of

Eqn 2.4, apart from one special case:when the Fermi surface is very close to particle-

holesymmetry . Conventionally , the Hall coef�c ient changessign when the Fermi sur-

face goes from particle-like to hole-like, so there is a point in between when the Hall

effect vanishes. In a simple tight -binding model this coincides with half-�lling, as

shown in Fig. 2.7(a), yielding a diamond-shaped Fermi surface — but this is patho-

logical for transport calculations. Intr oducing a next-nearest-neighbour hopping term

splits the particle-hole symmetry point away from half-�lling, and now the Fermi sur-

face that is particle-hole symmetric (for the Hall effect) consists of sections with with

equal amounts of positive and negative curvature (seeFig. 2.7(b)).2 The conventional

Hall effect vanishes for such a Fermi surface; and when closeto such a point, the tem-

perature dependenceof the Hall angle cotQH within the small angle scattering model

can becomequadratic � T2, asshown in Fig. 2.8(b).

For the magnetoresistance, I was unable to �nd a set of parameters where there

was any signi�cant deviation from a D� =� � T� 2 law, regardless of whether the Fermi

surface is near the particle-hole symmetric point where the Hall angle temperature

exponent changes. Comparing to the resistivity , which has the marginal Fermi liquid

temperature dependence � � T, the magnetoresistancebehavesasD� =� � � � 2. This is

exactly what one would expect from the Drude pictur e (Eqn 2.5): Kohler 's rule is well

obeyed, in contradictio n with experimental measurements on the cuprates.
2Note that shapealone does not determine particle-hole symmetry asthe variation in Fermi speedis

also signi�cant.
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Figure 2.8: (a) Threesimilar Fermi surfacesfor the dispersion � k = � (coskx + cosky + 0:5966coskx cosky); the solid
line tracesa particle-hole symmetri c Fermi surface (� F = � 0:70t). (b) Log-log graph of cotQH against temperature
T. A T2 law (dashed line) is possible for the particle-hole symmetric Fermi surface shown in (a) but on altering the
Fermi level slightly , the linear-T law (dot-dashed line) quickly returns (� F = � 0:75t). Parametersused: � c � 0:02,
� � 1

i � 10, � � 1
M = 0:1 + T; graphs reproduced from Ref. [15].
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2.4.5 Example calculation

In this section, I shall provide a concreteexample which �ts the qualitative pictur e out-

lined in the previous section. Abrahams and Varma perform a set of calculations in

Ref. [21], demonstrat ing that the Hall angle can exhibit the T2 dependence observed

experimentally , but they do not calculate the magnetoresistance. I shall presentresults

of numerical calculations (as §2.4.3)for the resistance,Hall angle and magnetoresis-

tance, using a set of parameters reverse-engineered to match those of Abrahams and

Varma. The �rst of theseparameters is the dispersion

� k = � 0:25(coskx + cosky) � 0:03(cos2kx + cos2ky) � 0:09(coskx cosky) ; (2.26)

used with a Fermi level of � F = � 0:19(units arbitary) to give the Fermi surface shown

in Fig. 2.9(a).A scattering rate

� � 1(� ; � 0) = AT + B(1 � (� � � 0)2=� 2
c) (2.27)

is used, relying upon the density of states to provide the anisotropy (as Abrahams

and Varma do [21]). Matching to ARPESobservations, A is chosen to give a gradient

� � 1
M = 0:015(T=100K)eV, and B such that � � 1

i = 0:24eV at � = � =8. Finally, I choose the

width of the small-angle scattering � c = 0:18.

Thesechoicesare made to ensure the calculations are consistent with experimental

quantities. The residual resistanceratio from experiment is � (100K)=� (0K) � 8; calcu-

lating resistancesat 200K and 100K and extrapolat ing from these down to 0K gives

a comparable ratio of 7:77 for the parameters detailed above. The anisotropy in the

scattering rate near 0K is experimentally measured as � � 1
i (0)=� � 1

i (� =4) = 4:5, and my

parameters result in a value of 4:27(seeFig. 2.9(b),bottom, which shows the total scat-

tering rate � � 1 asa function of � at 100K).Fig. 2.9(b),top, shows that my Fermi velocity

component vy(� ) is a good match to the form used by Abrahams and Varma. Finally,

it should be noted that the Fermi surface required to match Abrahams and Varma's

calculations is quite dif ferent from that observed by ARPES(Fig. 2.6); Abrahams and

Varma do not themselvesuse a Fermi surface dir ectly.

Fig. 2.10shows the results from conductivit y calculations with the above parame-

ters. The resistancein Fig. 2.10(a)exhibits a linear-T law, as expected. The Hall angle,

plotted against T2 in Fig. 2.10(b),achievesa reasonable�t to a T2 law, in good agree-

ment with the graphs in Ref. [21] — the model is suf�c iently close to the particle-hole

symmetry point discussed in §2.4.4. So far, experiment can be matched by the small

angle scattering model, but for the magnetoresistance we �nd that Varma and Abra-
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Figure 2.9: Illustration of properties of a small-angle scattering model with parameters matching that of Varma and
Abrahams [21]. (a) Fermi surface, according to Eqn 2.26with � F = � 0:19 (translated from real centre at (� ; � )) (b)
Top: Fermi velocity component vy around the Fermi surface (solid line), compared with sin � � 0:54sin 3� used in
Ref. [21] (dashed line). Bottom: Anisotr opic scattering rate � � 1(� ) at 100K.
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Figure2.10:Graphs of the results of calculations with parameters matching the model of Varma and Abrahams [21];
other parameters in fact give very similar results suf�ciently near particle-hole symmetry. The vertical axeshave
arbitrary units. (a) The resistanceobeys a good linear-T law. (b) The Hall angle is acceptably close to having a T2

dependence. (c) Log-log graph of the magnetoresistance. (D� =� )� 2 (solid line) does not change signi�cantly with
temperature — Kohler 's rule is obeyed, unlike the cuprates. (D� =� )cot2 QH (dashed line) on the other hand does
vary with temperature,whereasthis quantity is thought to be T-independent in the cuprates (a “modi�ed Kohler 's
rule”).

hams' model produces a resistancewhich always obeys Kohler 's rule (Fig. 2.10(c)),

in con�ict with experiments on the cuprates. In the next section I shall discuss our

�ndings and place them within the analytical framework described in §2.4.2.

2.5 Discussion

We can understand our results in terms of the seriesexpansion proposed in Eqn 2.21,

Eqn 2.22and Eqn 2.23: in effect, small-angle scattering processesgenerateextra terms

at higher orders in the marginal Fermi liquid scattering rate � � 1
M , that lead to new tem-

perature dependences. If these new terms dominate, the temperature dependences

of transport properties may be anomalous. The numerical calculations of the previ-

ous section have established where this is possible, and I shall compare my �ndings

with those of Abrahams and Varma [21]. First, for the resistivity , we are in agreement

with Abrahams and Varma that small-angle scattering has little effect, and the original

linear-T term always dominates.

2.5.1 Hall angle

For the Hall angle, however, to reproduce the experimentally observed T2 dependence

it is necessarythat the conventional term is small and that Eqn 2.22 is dominated by
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the new term at �rst order (circled). We �nd that the only circumstance in which this

can happen is when the Fermi surface is tuned to a particle-hole symmetric one where

the conventional term vanishes. Abrahams and Varma [21] claim the new term can be

signi�cantly larger than the conventional term, enough to dominate. In fact their cal-

culations lie very close to particle-hole symmetry : their Fermi surface is characterized

with a parameter � , which they chooseto be � = 0:54; particle-hole symmetry occurs

at � = 1=
p

3 � 0:577.

Furthermo re, our calculations show that deviations from particle-hole symmetry

quickly produce a large variatio n in the Hall angle temperature exponent, in contrast

to the experimental situation where changeswith doping are slight [28, 45]. However ,

we have assumed a naïve rigid band model, and there may be correlation effects that

pin the Fermi surface to exact particle hole symmetry [46], so this sensitivity does not

preclude this model. Hence we consider the magnetoresistance.

2.5.2 Magnetoresistance

I was unable to �nd a set of parameters for which our numerical calculations for the

magnetoresistancecould match experiment. The temperature dependenceof the mag-

netoresistance always varied roughly as T� 2 (the Drude-like inverse square of the

linear-T dependenceof the resistivity ), in contrast to the experimentally observed T� 4.

Whilst the exact law observed experimentally is still uncertain, Kohler 's rule is cer-

tainly broken, and my calculations found no signi�cant violatio ns of Kohler 's rule from

a small-angle scattering model.

Varma and Abrahams never calculate the magnetoresistance dir ectly, but instead

extrapolate from the Hall angle that D� =� � cot� 2 QH , which would give the experi-

mentally observed temperature dependence. Varma and Abrahams cite the Ong con-

struction [47] for this conclusion, but this is not valid for the types of scattering rate

under consideration. Eqn 2.3and Eqn 2.2show that D� =� = � D� xx=� xx � cot� 2 QH ; if

the second term dominates, the magnetoresistance would have the wr ong sign, so the

signi�cant contr ibutions must come from D� xx. To match the experimental T� 4 dep-

endence,Eqn 2.23must be dominated by the secondorder term (circled), which is one

higher than that for the Hall angle. Both the zeroth and �rst order terms need to be

insigni�cant in comparison to the second order term; and we can never win in a way

analagous to the Hall angle, and have the lower order terms vanish for a special case,

as it can be shown analytically that the zeroth order term is positivede�nite.

So,although the small-angle scattering model can reproduce the temperature dep-

endenceof the experimentally observed Hall angle for a specially tunedFermi surface,
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the temperature dependenceof the magnetoresistancedoesnot match experiment and

no further tuning of the Fermi surface can help.

2.6 Summary

Varma and Abrahams proposed a phenomenological transport model for the cuprates,

that they argue can account for the anomalous temperature dependencesof in-plane

magnetotransport properties. This is an anisotropic scattering model, where scattering

ratesare large in certain dir ections asobserved by ARPES.Theseanisotropic processes

are allocated to small-angle scattering, where the electrons are highly likely to be scat-

tered to the same dir ection they were originally moving in. Intuitively , it seemsun-

likely that these processescan have dramatic effects, and indeed this is generally the

case.

Our work (which hasbeenpublished [15]), hasinvolved studying Varma and Abra-

hams' small-angle scattering model by meansof a numerical solutio n to the Boltzmann

transport equation. Given a linear-T resistivit y, the anomalous T2 temperaturedepend-

enceof the Hall angle observed in the cuprates can be reproduced by the small-angle

scattering model, but only for a specially tuned Fermi surface — near particle-hole

symmetry where there is no conventional Hall effect. However , the magnetoresis-

tance produced by the model is always conventional, and never breaksKohler 's rule,

whereasexperiments on the cuprates demonstrate an unambiguous violatio n. Varma

and Abrahams did not calculate the magnetoresistance dir ectly, and a major conclu-

sion of the work presentedhere is the importanc e of the magnetoresistanceasa probe

to distinguis h between transpor t theories.

Interestingly, the conclusion of Varma and Abrahams that the Hall scattering rate

� � 1
H originates from the square of the resistivity scattering rate � � 1

tr �ts in with recent

experiments, even though we have shown here that it cannot be explained by small-

angle scattering. Woods et al. [48] show a relationship between � and cotQH from

experiments irradiating Nd 2� xCexCuO4. Optical conductivit y or AC Hall effect mea-

surementsdo not seethe expectedLorentzian shape,but their observations are instead

consistent with the normal scattering rate (together with a frequency term) entering

squared [49, 50]. Theseexperiments are believed to be crucial for progressing our un-

derstanding of transport in the cuprates.

ClassicalBoltzmann transport theory can only produce additive corrections to con-

ductivities, and cannot naturally produce the multiplicativ e forms proposed by Ander -

son. Therearemany strange featuresof the electron liquid in the cuprates in the normal

state near optimal doping, and it seemslikely that the explanation for the anomalous
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transport propert ies does not lie within the single electron-lik e quasiparticle pictur e.

Understanding the properties of this non-Fermi liquid remains a key to deciphering

the unconvent ional normal-state propert ies of the cuprates, and even their supercond-

uctivity . The remainder of this thesis is devoted to the investigatio n of a microscopic

model which leads to insight into the detailed behaviour of the quasiparticles in such

a strongly correlated �uid, and provides hints asto the orig in of the anisotropic behav-

iour which underlies the models studied within this chapter.
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Chapter 3

DYN A M ICA L M EA N FIELD TH EORY

Rhythm, said Stephen, is the �rst formal

esthetic relation of part to part in any esthetic

whole or of an esthetic whole to its part of

parts or of any part to the esthetic whole of

which it is a part.

JA M ES JOYCE

A Portrait of theArtist asa YoungMan [51]

35



3.1 Introduc tion

Over the last decade,understanding of the strongly correlated metallic state has pro-

gressed signi�cantly due to Dynamical Mean-Field Theory (DMFT) [52]. Materials

which lie near the Mot t metal-insulator transit ion, such assometransition metal oxides,

exhibit a range of peculiar phenomena which have eluded understanding. Theorists

have struggled to solve microscopic models for these materials, such as the Hubbard

model, and DMFT provides a well-founded, successfulapproximation within which a

many-body interacting system can be investigated in its entirety.

The dif �culty of studying strongly correlated systems is that the electrons are inter-

mediate between the well-understo od limits of localized and itinerant nature. Pertur-

bation theory starting from either limit generally fails becausethere is no small param-

eter; a wide range of energy scalesis important. DMFT, in effect, solves a compromise

situation where electrons are localized over short timescales, but itinerant over long

timescales. It is inherently non-perturbat ive, and can easily be shown to be exact in

both the non-interact ing (itinerant) limit and in the atomic (localized) limit (see§3.3).

In §3.5I shall mention some of problems DMFT has successfully tackled, particularly

focusing upon the Mott metal-insulator transit ion.

In DMFT, local dynamics are recreated fully on a single site of the crystal lattice,

which is coupled to a self-consistent “bath” representing the restof the lattice. This de-

scription was �rst derived from the limit of in�nite dimensions [53] (see§3.3.2),where

such a representation is exact. In lower numbers of dimensions, it is an approximation.

Any model of a strongly correlated system must make drastic approximations for solv-

ability , and often in their results it is hard to distinguish real physics from artifacts of

the model. However , for DMFT, not only do we know precisely what approximation

is being made, but we know also that the limit of high dimensions may have physical

relevance. For example, if DMFT does not reproduce physical reality and there is a

phase transitio n lying between three and in�nite dimensions, we could ask where it

occurs, and whether it is accessiblein materials a with large coordination number.

I shall now give a qualitative description of the DMFT procedure; a more detailed

explanation is given in §3.2.Concentrating upon a single site in the crystal lattice, there

are 4 possible local stateson this site: j0i , j "i , j #i , j "#i . Electrons can move on and

off the site, and the effect of the rest of the lattice is encoded in a Green's function which

gives the probability 1 of an electron leaving any of thesestates,and then coming back

to one of them after a given time. As a mean-�eld approximation, we imagine every

site to be identical, and eachhas the same Green's function. Such a Green's function
1Strictly, the accumulated quantum mechanical phase.
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must be self-consistent: �uctuations from one site must correspond in some way with

those of surrounding sites. The construction of self-consistency conditions for local

Green's functions forms the core of DMFT.

Returning to the four statesmentioned above, if the electrons can be considered in-

dependent (non-interact ing), the statesare indistinguishable and we know the correct

mean-�eld Green'sfunctio n for the single site, and also know exactly the Green'sfunc-

tion solutio n for the whole lattice. We wish to add a Coulomb repulsion, and do this

by energetically penalizing the last state j "#i becauseit has two electrons on the site.

DMFT work s by comparing Green's functions for just the single site with and without

this repulsion, and usesthe dif ferenceto estimate how the non-interacting solutio n for

the whole lattice should be changed when interactio ns are presenteverywhere. It is a

key assumption of DMFT that the effect of interactions is the sameeverywhere across

the whole system (quantitatively , a local self-energy), and this is where the approxima-

tion of DMFT is made.

Self-consistency is achieved by averaging all the sites in this constructed interacting

system, and checking that the average site is identical to the single site we started

with. 2 We had to start from an arbitrar y guessfor the single-site Green's function, and

this guessmust be adjusted until it is self-consistent. The physics we investigate is that

of the resulting constructed self-consistent interacting system.

Mathematically , we need to choose a representation for the completely arbitrary

single site Green'sfunction, and we do this by imagining there to bea “bath” surround-

ing the single site, providing a spectrum of excitations for the system to explore. This

bath can be representedin many dif ferent ways, providing dif ferent manifestations of

DMFT. The most important representation is that of an impurity modelwhere the bath

consistsof (non-interact ing) sitesconnected to the original, impurity , site. Many of the

techniques developed in the past for studying impurity models [54] canbeused within

DMFT (see§3.3.3).

A down-side of DMFT is that the bath needsan in�nite number of degreesof free-

dom to represent the Green's function exactly; an impurity model would have to have

an in�nite number of sites. Clearly, such a system is not in practice solvable on a

computer, and so further approximations have to be made. There are a variety of tech-

niques researchers have used, and I shall discuss some in §3.4. Chapter 4 describesin

detail the “two-site” approach which will be my choice of technique.
2It is not the same in general, becausethe “averaging” procedure is unavoidably dif ferent from the

initial procedure for spreading the in�uence of the interactions acrossthe lattice.
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3.2 The pure DMFT procedure

There are many ways of understanding or deriving DMFT and its self-consistency

equations, and in this section I shall derive the self-consistency equations in a way

similar to the “ef fective medium” description in Ref. [52], which emphasizesDMFT's

relationship as a dynamical extension of Hartr ee–Fock mean-�eld theory. The out-

come is the same as a formal expansion in the limit of a large number of dimensions

(see§3.3.2).

Let us focus on a single site of the Hubbard model (Eqn 1.1). Later we will as-

sume that all sites are identical. We nominally integrat e out all the other sites in the

lattice, leaving an effective action for the single site. The Hamiltonian contains an

on-site Coulomb repulsion U, which clearly must be retained; but the hopping terms

t i j no longer appear explicitly , but are captured in a Green's function, and will only

appear dir ectly in self-consistency conditio ns. In the coherent state path integral for-

malism [55], the effective action for our single site is:

Seff = �
Z �

0
d�

Z �

0
d� 0cy

� (� )G� 1
0 (� � � 0)c� (� 0) + U

Z �

0
d� cy

" (� )c" (� )cy
#(� )c#(� ): (3.1)

The functio n G0(� � � 0) (spin-less for simplicity) completely encapsulatesthe dynamics

of electrons leaving the site at imaginary time � 0 and returning at an imaginary time

� 0. We allow an electron to pick up an arbitrary quantum mechanical phase in the

intervening time. The Hamiltonian was not Gaussian, so we cannot in practice inte-

grate out all the other sites in the lattice, and we do not know the functio n G0 a priori.

However , �uctuations according to this function will be to neighbouring sites, that we

are reckoning to be the same as the orig inal site, and this allows the construction of

self-consistency conditions: G0 can be constrained.

Let us suppose that we can exactly represent the effects of intr oducing a U term to

somearbitrary G0, and calculate the many-particle Green's function

Glocal(� � � 0) � �h Tc(� )cy(� 0)i Seff
: (3.2)

Glocal is in effect an interacting Green's function originated from the “non-interacting”

Green's functio n G0, and so we can write down a Dyson's equation [56], de�ning a

self-energy Slocal,
3 in Fourier-transfor med Matsubara-frequency space:

G� 1
local(i! n) = G� 1

0 (i! n) � Slocal(i! n) : (3.3)
3If one works diagrammatically , it turns out that the effect of interactions can be factored out, and

separated from the non-interacting Green's function as the self-energy.
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We now make use of the DMFT ansatzthat the self-energy is assumed to be spatially

homogeneous, but retains a frequency dependence: the true self-energy S(i; i! n) (or

Fourier-transformed to S(k ; i! n)) becomesSlocal(i! n). So,we can construct a trial inter-

acting Green's functio n Glatt for the extended lattice by combining the non-interact ing

lattice Green's function,

G� 1
0;latt (k ; i! n) = i! n + � � � k ; (3.4)

with the local self-energy Slocal(i! n), using a secondDyson's equation:

G� 1
latt (k ; i! n) = G� 1

0;latt(k ; i! n) � Slocal(i! n)

= i! n + � � � k � Slocal(i! n) : (3.5)

Glatt is a trial function becauseG0 was arbitrary , and we need to formulate a self-

consistency condition to constrain it. To do this, we need to know what is going on

locally, so we �nd the on-site component of Glatt , i.e. at R = 0, as a Fourier transform:

Glatt ;i i(i! n) = å k Glatt (k ; i! n). The DMFT self-consistency requirement is that this local

Green's function is the same as the interacting Green's function of the local effective

action:

Glocal(i! n) + å
k

Glatt (k ; i! n) ; (3.6)

where the k-sum is normalized, and I have used the symbol + to denote that the quan-

tities should be made self-consistent. This is a functional conditio n and suf�cient to

constrain the function G0(i! n), arbitr ary to start with. G0(i! n) should be iterativ ely ad-

justed until the Green's functions in Eqn 3.6are matched. The condition can be rewrit-

ten without the self-energy explicitly present, to give a more succinct self-consistency

condition for G0 in terms of the Green's functio n resulting from the effective action,

Glocal:

Glocal(i! n) + å
k

1
i! n + � � � k � Slocal(i! n)

= å
k

1

i! n + � � � k � (G� 1
0 (i! n) � G� 1

local(i! n))
; (3.7)

(from Eqn 3.6 and Eqn 3.5). Dynamical Mean-Field Theory can be summarized by

Eqn 3.7,Eqn 3.1and Eqn 3.2together. Fig. 3.1shows the self-consistency procedure in

the form of a �ow chart. When self-consistency has been achieved, the lattice Green's

function with the local self-energy, Glatt (k ; i! n) is the physically meaningful correlation

function, and the output from DMFT by which the solutio n will be characterized.

So, to summarize, we constructed an effective single-site action with an arbitrary
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G0(i! n)

“Solve” effective action (Eqn 3.1)�

� �
Glocal(i! n)

Dyson (Eqn 3.3)
/ /

� �

S(i! n)
Dyson (Eqn 3.5)

/ /Glatt (k ; i! n)

Local component

� �

(physical content)
t |

“Equal”? �
No

Impr ove guess

; ;

Yes

( (

å k Glatt (k ; i! n)oo

Solution.

Figure 3.1: Flow chart showing the pur e dynamical mean-�eld theory self-consistency procedure. The stagesindi-
cated with an asterisk cannot be implemented exactly and must be approximated.

dynamical �eld representing �uctuations of electrons away from that site. Solving

this effective action yields a frequency-dependent self-energy which is combined—

uniformly in space—with the non-interact ing Green'sfunction for the extended lattice,

to give a trial interacting Green's function for the extended lattice. Finally, the scheme

must beself-consistent, and we achievethis by requiring that the local Green'sfunction

of the extended lattice (containing the local self-energy) is the sameas the interacting

Green's function for the single site, and this constrains the initial dynamical �eld.

3.3 Discussion

This section contains elaboration on some elements of the previous section. I shall de-

velop some intuition about DMFT (§3.3.1),describe the the more rigor ous formulation

of DMFT as an in�nite dimensional limit (§3.3.2),and discuss the equivalence of the

effective action with an impurity model (§3.3.3),a mapping which underlies several

approachesto solving the DMFT equations.

Dynamical �eld Often the pictur eof DMFT in terms of the Green'sfunctio n G0 is best

replaced by describing the arbitr ary adjustable part of the local action as a dynamical

�eld D(i! n), with the relationship G� 1
0 (i! n) = i! n + � � D(i! n). D(i! n) encapsulatesthe

ability of the local model to represent�uctuations , and appearsin later equations, such

as(for Eqn 3.3):

G� 1
local(i! n) = i! n + � � D(i! n) � Slocal(i! n) : (3.8)
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DMFT can represent the atomic limit ti j = 0 exactly, as it corresponds to D(i! n) = 0,

where sitesare completely decoupled. Conversely, the non-interact ing limit U = 0 can

be trivially representedwithin DMFT by setting Slocal(! ) = 0.

Spin All the Green's functions described above had a spin index which was omitt ed

for notational simplicity . The self-consistent procedure should be carried out sepa-

rately for eachspin, and the two spins are coupled together only at the stageof solving

the local action, via the Hubbard U term.

Frequencies In later chapters I shall be only concerned with zero temperature prop-

erties, and shall therefore use the analytic continuation from Matsubara frequenciesto

real frequency: i! n ! ! � i � . In somecalculations, it will be necessaryto retain a small

� , but in general I shall omit it from equations. I shall also drop the “local” subscript

from Slocal(! ) as there is only one self-energy.

3.3.1 Intuition

Examining Eqn 3.7,we may deduce that the DMFT interacting lattice Green's function

Glatt (! ) canbewritten rather simply in terms of the local non-interact ing lattice Green's

function G0;latt,local(! ):

Glatt (! ) = G0;latt,local (! � S� (! )) ; where G0;latt,local (! ) = å
k

�
! + � � � k

� � 1 ; (3.9)

we have effectively made the transformat ion ! ! ! � S(! ). Without the mean-�eld

approximation, we would have S(k ; ! ) and the transformation would not be possi-

ble. This gives some insight into the reduction DMFT has made and what is going on

within its approximation. If S �uctuates signi�cantly , the effective ! will pass back

and forwar d through the non-interact ing band, therefore making several new bands;

it is thesethat form the Hubbard bands, for example.

We can rewrite the sum in Eqn 3.7 as an integral, with the non-interacting lattice

Green's function written in terms of the non-interacting density of states � 0(! ):

Glat(! ) =
Z + 1

�1

� 0(� )d�
! + � � � � S� (! )

(3.10)

(using the de�nition � 0(� ) � 1
N å k � (� � � k )). This identity demonstrates that the only

information that DMFT knows about the lattice is its non-inter acting density of states.

It turns out that conventional DMFT is generally insensitive to the lattice type, apart
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from special cases[57].

Hartr eemean-�eld theory may be regarded as the static limit of dynamical mean-

�eld theory: it allows a self-energy that is not frequency-dependent, typically S = Un,

wheren is the band �lling, and momentum-dependent quantities canbeincluded more

easily than in DMFT. The inclusion of �uctuations is crucial, however; for example, the

Stonercriterion for magnetism that Hartr eemean-�eld theory predicts is wr ong, vastly

overestimating the region of stability for magnetic order when compared with DMFT

(see§4.4and Chapter 6).

3.3.2 In�nite dimensions

Although the preceding section (§3.2)presentsDMFT assimply a local mean-�eld ap-

proximatio n scheme, the theory results from an entirely controlled series expansion

in 1=d, for spatial dimension d. DMFT is exact in in�nite dimensions, and in fact the

local effective action above (Eqn 3.1)can be derived rigorously in this limit: non-local

corrections can be shown to appear only at a higher orders in 1=d. Ref. [52] gives a

detailed description of rigo rous derivations of the DMFT equations; for example, from

a “cavity” approach, analogous to the Weiss theory of magnetism. It also shows how

perturbation theory is local in in�nite dimensions, giving a formal expansion in 1=d.

The in�nite dimensional limit can be understood quite simply, in fact. As the di-

mensionality d is increased,the electron hasmany possible dir ections to go in, and the

probability of it returning to its starting site becomesvanishingly small, so the problem

can be formulat ed locally. Quantitat ively, it is necessaryto scalethe hopping t � 1=
p

d

so that the kinetic energy in the Hamiltonian has the same effective magnitude with

respectto the potential energy, otherwise t would completely dominate over U. Non-

local contributions to the action contain more hopping terms and thus vanish in the

limit d ! 1 .

Although it might appear that the in�nite-dimensional limit is unphysical, it is

nevertheless a completely controlled approximatio n; unlike many other approaches

to strongly correlated systems,the exactassumptions are of the theory are known, and

sum rules etc. are likely to beobeyed. If resultsshow featuresof the approximat ion and

not of the real physical system, this is still interesting, becauseit meansthat physics in

in�nite dimensions is dif ferent; questions can be asked such as where the transit ion

might be. Sincemany crystals have coordination numbers as high as twelve, perhaps

the effective value of 1=d is quite small and such a transit ion may be practically acces-

sible.

DMFT can be extended to �nite dimensions by including terms of order 1=d etc.,
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and formally this produces a coupled pair of self-consistency schemes.[58, 52] The

focus of this thesis, however, will be on “cluster ” DMFT (seeChapter 5), which is in

effect also a �nite dimensional extension, without constituting a formal expansion in

1=d; instead it allows lattice geometry to play a rôle.

3.3.3 Impurity models

Dynamical mean-�eld theory is often studied through an impurity model, and such a

representation will underlie several approachesto solving the DMFT equations pre-

sented later. An impurity model is one possible realization of the effective action in

Eqn 3.1,which we hope to use to calculate the exact local interacting Green's function.

Let us consider a Anderson impurity model with a Hamiltonian

H = å
i �

� ia
y
i � ai � + å

i �
Vi (a

y
i � c� + cy

� ai � ) � � å
�

cy
� c� + Ucy

" c" cy
#c# (3.11)

(seealso Eqn 5.14in §5.3).An impurity site (with creation operator cy
� ) has a Hubbard

double-occupancy penalty U and is connectedto a setof bath sites(with creation oper-

ators ay
i � , with i labelling the sites). The energy levels � i and couplings Vi for eachsite

parametrize the dynamical �eld and are to be constrained by self-consistency condi-

tions. The label i is abstract and unconnected with the extended lattice index: the bath

sitesare there to model separately the dynamics of an electron moving off the impurity

site. If thesebath sitesare integrat ed out, the action is identical to Eqn 3.1with

G� 1
0 (i! n) = i! n + � � å

i

V2
i

i! n � � i
: (3.12)

So for an impurity model, the dynamical �eld D(i! n) = å i
V2

i
i ! n� � i

. If there are an in�-

nite number of sites, one can choosea set of poles and residues f � i ; Vig to reproduce

any Green's functio n and hencethe mapping from DMFT to an impurity model is ex-

act. However , when in�nitely sized the impurity model is clearly impossible to solve

computationally ; the exact single-site action remains intract able. Someapproximation

must be made, such astruncating to a �nite-sized bath (see§3.4.2).

An advantage of the impurity model mapping is that the Anderson impurity model

has been studied extensively in the past [54]. Although general understanding of the

physics of the Anderson model is not dir ectly useful since DMFT requiresa complete

solution of an arbitrary model, there are several techniques for the Anderson impurity

model which can be adapted for DMFT, such as the numerical renormalization group

method (see§3.4.2).
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3.4 Methods of solution

Unfortunately , the pure DMFT procedure as described in §3.2cannot be achieved ex-

actly in practice, for two separatestages.First, solving the local effective action for the

local Green's functio n (Eqn 3.1,Eqn3.2) remains intractable; whilst we have reduced

the complexity of the Hubbard Hamiltonian to a single site, it still hasan in�nite num-

ber of degreesof freedom that parametrize the whole function G0(i! n). Further approx-

imations have to be made (in addition to the DMFT assumption of local self-energy),

and there are a variety of possibilities which I shall discuss below.

Second,the self-consistency condition (Eqn 3.6 or Eqn 3.7) involves matching two

functions, giving an in�nite number of degreesof freedom to be compared. With an

approximated effective action however, there are a �nite number of adjustable param-

eters,and the Green'sfunctions cannot now be made exactly the same.To match them,

there is a choice to be made of a sensible set of criteria, generally equal in number to

the degreesof freedom of the effective action, and also how to optimally impr ove the

(initially arbitrary ) functio n G0(i! n) for the next iteration. If one choosesto work on the

Bethelattice (seeAppend ix B), the k-sum in Eqn 3.7can be carried out analytically and

the equation rearranged to give a new G0 explicitly: G� 1
0 (i! n) = i! n + � � t2Glocal(i! n)

(Eqn B.11). There will still remain the problem of choosing the parameters of the

approximate effective action to best represent this functio n, though.

The following sections contain descriptions of two major classesof approximation

scheme for the solution of the DMFT self-consistency equations. Quantum Monte

Carlo is probably the most widely used; Exact Diagonalization can be used as part

of many schemes,and indeed underlies the technique I shall ultimately use. There are

many other techniques which have been applied to tackle the DMFT equations [52]

(for example, Iterated Perturbatio n Theory [59] which extrapolates between the small

and large U limits) but I shall not describe them further here.

3.4.1 Quantum Monte Carlo

Quantum Monte Carlo (QMC) is probably the most commonly used method for solu-

tion of the DMFT equations. The schemewas developed independently by Jarrell [60],

Rozenberg, Zhang and Kot liar [61], and Georgesand Krauth [62], basedupon the work

of Hirsch and Fye on impurity models [63]. To calculate G from G0 using the action

Seff, �rst imaginary time is discretized, turning the integrals into sums. Secondly, the

quartic term is decoupled with a Hubbard–Stratonovich transformation, intr oducing

an auxiliary �eld consisting of Ising-like spins si 2 f + 1; � 1g. Solving the effective ac-

tion for the interaction Green'sfunction hasnow reduced to summing over all possible
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sets f sig, and this is done in practice by Monte Carlo sampling. The Bethe lattice can

provide the self-consistent link back to G0 (Eqn B.11).

The technique has many successesand has a great deal of �exibility for dealing

with more complex Hamiltonians. However , there are disadvantages which make it

unsuitable for our purposes. First, low temperatures are dif �cult to access,since � is

discretized and low temperaturescorrespond to more time slices.Second,physical and

experimentally signi�cant quantities are real frequency functions (the density of states

and spectral function); QMC only producesG(i! n), which needsto be analytically con-

tinued. This processis not well-de�ned since the functions are not complete, and dif-

�cult in practice. It is possible via maximum entropy methods for example; some au-

thors resort to extrapolat ing results from the �rst two Matsubara frequencies[64].

3.4.2 Exactdiagonalization

The exact diagonalization technique (ED) [65, 66] is basedupon the representation of

the effective action by an impurity model (§3.3.3)with a �nite number of sites. This

approximate Hamiltonian can only reproduce limited forms of G0, but it can be di-

agonalized exactly if there are not too many sites: the Hamiltonian is rewritt en as a

matrix connecting dif ferent many-particlestates,and all its eigenvalues and eigenvec-

tors found. From these,we can construct the interacting Green's function by meansof

the Lehmann representation [56, 52]:

G(i! n) = hTcy
0c0i =

1
Z å

i ; j

�
�
�hjjcy

0ji i
�
�
�
2e� � E j + e� � Ei

Ei � Ej � i! n
; (3.13)

where i and j are eigenstateswith energies Ei ,Ej , and Z the appropriate partition func-

tion. The simplest way of implementing the self-consistency condition (Eqn 3.6) is to

work on the Bethe lattice and construct a new G0 asEqn B.11 (automatically satisfying

Eqn 3.7), and then somehow �nd the best set f � i ; Vig of bath parameters to represent

this functio n in the impurity model (Eqn 3.12).

This method hasproved successful,and doesnot suffer from someof the problems

of QMC: zero temperature is easy, and there is no problem with calculating densities

of statesand other spectral quantities asEqn 3.13,being analytic in i! n, can be dir ectly

analytically continued. However , the computatio nal dif �cult y of diagonalizing the im-

purity model Hamiltonian increasesexponentially with its size; � 12 sites is the limit

(fewer at �nitesimal temperature). This lack of resolution leads to dif �cult y in accu-

rately representing a new G0; typically , this is done blindly with a conjugate gradient

algorithm, and when the functions have such dif ferent shapes, it cannot be reliable.
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An alternative way to truncate the Hilbert spaceof the Hamiltonian is only to keep

statesthat lie low in energy, and iterate; such an idea underlies the Numerical Renor-

malization Group (NRG) technique [67, 68], using procedures �rst developed for the

Anderson impurity model.

A better-justi�ed method is to give up hope of matching the Green's functions

point-by-point , and carefully construct a set of physically-mot ivated criteria, eachcor-

responding to a degreeof freedom of the impurity model. Thesecriteria are quantities

that one should ensure are the same for both the local impurity and lattice Green's

functions; for example, the electron �lling. The simplest such method is Potthoff 's

“two-site” DMFT [69] in which the impurity model has just a single bath site. This

technique has been surprising ly successful;I shall discuss it in Chapter 4 and the rest

of this thesis will be basedon it.

3.5 Some applic ations of DMFT

Dynamical mean-�eld theory has beenapplied to a huge number of dif ferent systems.

Its most important successis understanding the Mott transitio n, and I shall describe

this in detail below (§3.5.1). In the study of magnetism, DMFT has shown how the

conventional Stoner pictur e signi�cant ly overestimatesthe extent of magnetism: order

is destroyed by �uctuations [70]. Wahle et al. showed how a Heisenberg exchange

interaction can stabilise ferromagnetic order within the Hubbard model [71], and the

Curie-Weisslaw can be derived within dynamical mean-�eld theory [72]. Other stud-

ies of magnetism include Refs.[73, 74,75], and magnetic ordering will be studied later

in this thesis (see§4.4and §6.3.1).

Density functional theory hasbeena successfultool for modelling the �ne details of

real materials. It hasgenerally depended on the rather crude assumptions of the Local

Density Appr oximation (LDA) and its variants, but it hasbeenpossible to marry in the

abilities of DMFT to deal rather well with strong correlations (e.g.in materials such as

correlated oxides) with considerable success[76, 77]. Speci�c examples include the ab

initio calculation of key features of the phase diagram of plutonium [78], and studies

of �nite-temperature magnetism in iron and nickel [79].

3.5.1 Mott transiti on

The Mott transitio n is a metal-insulator transitio n causedby correlations between elec-

trons. A conventional insulating material has a band which is completely full, and

there is an energy gap above it greater than T, so few freecarriers can be excited and
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conduction is dif �cult . In a Mott insulator , however, the repulsive interaction U bet-

ween electrons causesa gap of order U to form in the middleof a band, and materials

which should apparently be metals turn out to insulate (for example, NiO [80]).

Although the Mot t insulating state itself is well-understood, its relationship to the

phasessurrounding it remains controversial: how might the transition from a metal

take place,with changing doping levels or changing effective interaction strength? The

Hubbard model (Eqn 1.1)often provides a theoretical starting point; its input parame-

ters (at zero temperature) are the electron �lling (or doping level) n and an interaction

strength U, forming a (U ; n) phasediagram within which such a Mott transit ion canbe

investigated. Phasetransitions caused by correlations are exceedingly sensitive, and

in a Mott transit ion, the resistivit y of a material can change by many orders of mag-

nitude with a tiny change to a control parameter. In practice, the transition is often

complicated by other effects such as orbit al ordering ; for example, V2O3 (the onetime

generic Mott insulator) is plagued by many subtle effects — although recently, doping

this compound with chromium has yielded clearer phases[81].

Historic ally, there have been threeapparently con�icting views of the Mott transi-

tion at half-�lling (n = 1) for increasing interaction strength U. First was the pictur e of

Hubbard [82], who described a metallic band splitting into two bands, the upper band

corresponding to doubly-o ccupied sites. The bands arean energy U apart, and when U

reachesa certain value they will leavea gap between them, and at half-�lling the mate-

rial will therefore be an insulator . Whilst the concept of double-occupation is local and

does not naturally fall into a metallic pictur e, the general idea of Hubbard bands have

stood up to scrut iny, aswe shall seelater. There is also clear experimental evidence for

Hubbard bands; for example, Fujimor i et al. [83] observed well-formed lower Hub-

bard bands via photoemission spectroscopy of d1 oxides (and seealso Fig. 7.13(a)).

The second view approaches the transitio n from the opposite limit, the metallic

state. Brinkman and Rice [84] described how the metallic quasiparticle becomesgrad-

ually more impeded by correlations and its effective massthus increases,and the band-

width decreases;when the massbecomesin�nite, the material is an insulator .

It is dif �cult to seehow to reconcile theseviews, but DMFT calculations provided

the answer: Fig. 3.2shows the characteristic threepeakstructure [85] that emerges(see

also Fig. 4.4). There is a narrow central quasiparticle band, together with two incoher-

ent Mott –Hubbard bands centred at � U. When the interactio n strength U is small there

is just a single non-interact ing band, and asU increases,the upper and lower Hubbard

bands split off, as in the Hubbard pictur e. However , unlike the Hubbard pictur e, a

portion of the central peak remains,and the system is still metallic. Upon increasingU

further , the central peak becomesnarrower, and thus heavier, as in the Brinkman–Rice
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Figure 3.2: Density of statescalculated by the iterated perturbation theory approach to DMFT, for various values
of U (in units of 2t), Fig. 3 of Ref. [59]. The spectrum has a threepeak structure, consisting of the upper and lower
Hubbar d bands and a central quasiparticle peak, which gradually gets narrower. This vanishes at the transition,
whereupon the material becomesinsulating.

pictur e. Finally, it becomesdelta-function-lik e and suddenly vanishes, leaving the two

band Mott –Hubbard insulating pictur e remaining; at this point the system hasbecome

an insulator . The three peak structure can be interpr eted in the time domain also: on

long time scales(small energies) the electron is itinerant (central quasiparticle peak),

but on short time scales(large energies), it is localized (Hubbard bands). The simulta-

neous observation of featuresat both large and small energy scalesis only possible in

a non-pertur bative approach like DMFT.

Propert ies of the narrow quasiparticle peak agree with experiments on V2O3 [86]

and NiS2� xSex [87], and DMFT predictions for the nature of the Mott phase transi-

tion have also been veri�ed in V2O3 [81, 88]. Questions about the Mott transitio n still

remain unresolved [89, 90, 91]; for example, some calculations show a coexistencere-

gion Uc1 < U < Uc2. The two crit ical points correspond to the point when a gap ini-

tially forms (Uc1), and secondly when the central quasiparticle peak vanishes (Uc2); if

the transitio n is approachedfrom high U, the insulating solution persists down to Uc1,

but from low U the metallic solution persists up to Uc2 > Uc1. The hysteretic behaviour

in experiments on V2O3 [81, 88] appears to verify this �nding.

The thir d mechanism for a metal-insulator transitio n, due to Slater [92], is the

appearanceof antiferr omagnetism, which could destroy the pictur e presented so far.

At half-�lling on an unfr ustrated bipartite lattice, the Fermi surface is perfectly nested,

i.e. there is a wave-vector q such that � k = � k+ q. This means that there is an in�nite
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susceptibility to ordering at this wave-vector, and an in�nitesimal interaction strength

will cause ordering ; a square lattice will go spontaneously antiferr omagnetic. Each

quasiparticle at k will hybridize with the one at k + q, generating a gap at the Fermi

level, turning the metal into an insulator . The Slater antiferr omagnetic insulator has

a lower energy than the paramagnetic states described above, making the results of

those calculations questionable as they do not concern the real ground state. Experi-

mentally, astemperature is reduced, the antiferr omagnetism will set in before any sign

of the Mott physics described above. At present,this issueis not satisfactorily resolved

by DMFT, but there has beenprogress.

At a �rst glance,conventional DMFT cannot deal with antiferr omagnetism because

of its local single site pictur e, but a crude representation may be made by mapping to

the opposite spin on neighbouring sites in the self-consistency conditio n [93]; §4.4.2

contains such a calculation. However , effectsof the geometry of the crystal lattice such

as frustrat ion are essential for understanding the interplay of antiferr omagnetism and

the metal-insulator transitio n, and to include such features a “cluster ” approach to

DMFT is necessary(seeChapter 5). Parcollet et al. [64] used a cluster DMFT approach

on a model where the magnetism was frustrated by a next-nearest neighbour hop-

ping, and concluded that the broad conclusions of the paramagnetic studies remain

valid. However , features of the physics of the Mott transitio n and the unfr ustrated

Hubbard model off half-�lling remain controversial, and the subject of scrutiny in the

literatur e. A large portion of this thesis will be devoted to the development of a clus-

ter DMFT method which is suf�ciently computatio nally cheap to be able to accessthe

entire phase diagram of the 2D Hubbard model with complete spectral information.

The hope is that such a survey will begin to answer some of questions emerging from

above, such as how the Mott transitio n might happen in the presenceof antiferr o-

magnetism (see§6.3.2and §7.4).

3.6 Summary

A detailed description of dynamical mean-�eld theory has been given in this chap-

ter. DMFT is a mean-�eld theory that includes the dynamics of the electrons via a

self-consistency scheme. The theory is formulat ed in terms of two dif ferent Green's

functions, one for an effective impurity model and one for the extended lattice, which

share the same local self-energy. Self-consistency ensures that the on-site projections

of the two Green's functions match each other. DMFT is exact in the limit of in�nite

coordinatio n number, which gives the theory a rigo rous basis;it hasproved a versatile

technique that had many successesin impr oving our understanding of strongly corre-
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lated systems. The most notable is the three-peakpictur e of the Mott metal-insulator

transition, synthesizing the pictur es of Mott–Hubbard and Brinkman–Rice. DMFT is

constantly being developed and remains at the forefront of current research.

Appr oximations are required to solve the interacting local problem at the core of

DMFT. §3.4described a few of the many possible approximations ; it is crucial to choose

a method of solutio n that is appropriate to the phenomena that one would like to in-

vestigate. In this thesis I am going to focus on a minimal “two-sit e” representation

of the local problem (described in Chapter 4), so that the entire phase diagram of the

2D Hubbard model can be studied in detail on a normal computer. Calculational effort

canredirected into extending DMFT to a cluster formulation (Chapter 5) so that a weak

momentum-dependence canbe included in the DMFT equations; questions such asthe

interplay of antiferr omagnetism with the Mott transitio n are now possible subjectsof

investigation.

50



Chapter 4

TWO-SITE DM FT

“Well, if you knows of a better 'ole, go to it.”

BRUCE BA IRN SFATH ER[94]
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4.1 Introduc tion

The previous chapter contained a descriptio n of dynamical mean-�eld theory (DMFT),

an approach to strongly correlated electrons systems based upon a rigorous in�nite-

dimensional limit. To use DMFT in practice, some kind of approximatio n to its self-

consistency equations is required, for which there is considerable �exibility . In this

chapter I intr oduce what is probably the minimal possible implementation of DMFT,

named “two-sit e” DMFT by Potthoff [69]. A rather drastic approximatio n is involved,

but the results of two-site DMFT are surprisingly successfuland can reproduce much

of the physics of the Mott transitio n. It is proposed mainly as a kernel for extended

versions of DMFT.

DMFT maps the interacting electron system onto a local model, that contains a set

of “bath” statescoupled to an impurity , and the bath is constrained self-consistently.

In two-sit e DMFT, this bath is truncated to a singlesite, so the impurity model consists

of just two sites. A straight Hubbard model with two sites allows the deduction of a

surprising amount of Mot t physics [95]; two-site DMFT adds the capabilities of DMFT

self-consistency, and a remarkably good pictur e of the behaviour of interacting elec-

trons emerges, with very little computational effort . The model succeedsbecauseof

its simplicity: a two-sit e model can be tackled analytically , and physical ideas can be

used to motivate the self-consistency conditions , unlike conventional DMFT. The band

�lling and the shape of the quasiparticle peak in the density of statesare the speci�c

physical quantities examined in two-sit e DMFT.

The idea of reducing DMFT to the minimal two-sit e representation was investi-

gated by initial workers in the �eld [96], but the �rst full published results were by

Potthoff [69]. He showed that two-site DMFT produces a reasonabledescription of

the Mott transitio n in comparison to much more sophisticated DMFT techniques (see

§4.3.3).Satisfactory results are found for other properties of the Fermi liquid, the Lut-

tinger sum rule, and thermody namic consistency [69].

Philosophically , two-site DMFT can be regarded as the �rst step towards a DMFT

implementation with more degreesof freedom, eachcorresponding to one of a larger

set of physically-j usti�ed self-consistency conditio ns. DMFT with just a single de-

gree of freedom becomesHartr ee–Fockmean-�eld theory, where the single parame-

ter used to self-consistently constrain the bath is the band �lling, n: clearly an essen-

tial characteristic for a sanemean-�eld theory. In two-site DMFT a second degree of

freedom is intr oduced, meaning that dynamics can be represented in a minimal, yet

self-consistent, way. Propert ies of the quasiparticle peak, an essential parameter for

the evolutio n of a Fermi liquid, may now be taken into consideration; and the result
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is the appearanceof a Mott transitio n. One could imagine building up a succession

of more sophisticated such characteristics to examine, and reaching the complexity

of other approachesto DMFT, but well-motivated physically instead of relying upon

rather blind dir ect matching of Green'sfunctions, used in typical exactdiagonalization

approaches(§3.4.2).

The next section (§4.2) contains a detailed derivation of the two-sit e DMFT self-

consistency conditions, along the lines of Potthoff 's paper [69]. We shall work only

at absolute zero (T = 0); whilst �nitesimal temperatures are possible to formulate

within two-site DMFT, it is less likely to be reliable as more detailed, �exible spec-

tra would be required. The practicalities for the implementation of the two-sit e DMFT

self-consistency conditions and the calculation of all the necessaryquantities are de-

scribed in §4.3. I discuss the details of its paramagnetic solutio n in §4.3.3,verifying

Potthoff 's results. We wish to investigate the magnetic phasediagram of the Hubbard

model; two-site DMFT caneasily beextended to cover ferromagnetism (§4.4),and anti-

ferromagnetism can also be represented,as I show in §4.4.1.

Whilst bare two- site DMFT does produce a credible phasediagram, it exhibits sig-

naturesof a struggle with the tiny phasespaceavailable (§4.4.2).However , our intent-

ion for two-sit e DMFT was not that it should stand alone, but should make up a reli-

able kernel for extensions to DMFT, as I shall discuss at the end of this chapter (§4.5).

In Chapter 5 I will describehow to use two-sit e DMFT within one possible such exten-

sion: cluster DMFT.

4.2 Potthof f 's “two -site” DMFT

This section contains an exposition of two-site DMFT as proposed by Potthoff [69]; I

shall make frequent referenceback to the conventional DMFT procedure as described

in §3.2. The basis of two-site DMFT is the exact diagonalization technique (§3.4.2),

with an impurity model consisting of two sites only — the bath is drastically simpli-

�ed to just a single site. The �rst problem of DMFT mentioned in §3.4,dealing with

the interacting effective action, is thus easily solved since the two- site model is easily

diagonalized. DMFT self-consistency conditions for this model are derived below; the

model has two degreesof freedom (per spin), and thus we require two conditio ns to

constrain them (the second problematic stage mentioned in §3.4),which will be pro-

vided by band �lling and propert ies of the quasiparticle at the Fermi level.

Let us start with the impurity model that will realize the effective action (Eqn 3.1).
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The Hamiltonian (c.f. Eqn 3.11) is

H = å
�

� c� ây
� â� + å

�
V� (ây

� ĉ� + ĉy
� â� ) � � å

�
ĉy
� ĉ� + Uĉy

" ĉ" ĉy
#ĉ# ; (4.1)

where the impurity hascreation operator cy and the bath site ay, and we have included

spin dependence explicitly . V� controls the hopping amplitude, or hybridization, bet-

ween the two sites,and � c� controls the balanceof electrons on the two sites. Diagonal-

izing the non-inter acting (U = 0) model gives the Green's function for spin-� electrons

on the impurity site (cy):

G� 1
� (! ) = ! + � �

V2
�

! � � c�
; so D� (! ) =

V2
�

! � � c�
(4.2)

(c.f. Eqn 3.12and also §3.3).The parameters f � c� ; V� g thus completely characterize G;

our self-consistency loop is begun with f � c� ; V� g set to arbitrar y values, which will be

changed at the end of the loop according to the self-consistency conditions.

The interacting Hamiltonian (Eqn 4.1,U > 0) is exactly diagonalized with respect

to the many-particle basis of 16 states. Using the Lehmann decomposition (Eqn 3.13,

seealso Eqn 4.13), the interacting impurity Green's function Gimp ;� (! ) is calculated,

and the local self-energy can be extracted (using Dyson's equation, c.f. Eqn 3.3):

S� (! ) = ! + � �
V2

�
! � � c�

� G� 1
imp ;� (! ) : (4.3)

Wecannow construct the lattice Green'sfunction by intr oducing this self-energy to the

non-interacting lattice Green'sfunction, exactly asEqn 3.5.Finally, for self-consistency,

we want to match the local Green's functio n of the extending lattice with the local

impurity Green's function (Eqn 3.6),i.e.

Gimp ;� (! ) + Glat;� (! ) = å
k

1
! + � � � k � S� (! )

: (4.4)

Wemust now decide how to implement this self-consistency conditio n; clearly, it is not

possible to exactly match the two functions using only two variables. The key to two-

site DMFT's successis Potthoff 's choiceof physically motivat ed conditions to compare

the functions by [69].

The �rst is that their electron �llings are the same,i.e.

nimp ;� � hcy
� c� i + nlat ;� � �

1
�

Z 0

�1
d! Im

! ! ! � i �
Glat;� (! ) ; (4.5)
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Figure 4.1: Self-consistentGreen's functions for two-site DMFT at U = 4:1t;n = 0:9 on the Bethe lattice. The solid
lines are the real parts, and the dashed lines the imaginary parts (for the impurity Green's functions these are
� -functions and not shown). The impurity and lattice Green's functions have the same �lling; additionally , the
coherent part of the functions have the same high frequency tails (indicated at right), which sets the width of the
quasiparticle peak (indicated on top).

where nimp ;� is the number of electrons on the impurity site, for the ground state of

the impurity model Hamiltonian. Whilst such an essential quantity must clearly be

matched for the self-consistency to be physically sensible,a more formal argument is

possible by comparison of the two Green's functions at high frequency ! [69]. In this

limit, the self-energy of the impurity model can be calculated by perturbatio n theory:

S� (! ) = Unimp �̄ + U2nimp �̄ (1 � nimp �̄ )=! + O(1=! 2), where n is the impurity site �lling

(under the unperturbed Hamiltonian). Conversely, calculating S� (! ) for the Hubbard

model (on the extended lattice) yields an identical expression,but in terms of the lattice

local �lling nlatt instead of nimp . In DMFT, we are transferring the impurity self-energy

unchanged to the lattice, and so for these high-energy expansions to be the same, it

is necessarythat the impurity and lattice �llings are the same. Furthermore, the high

energy form of the lattice Green's functio n with the above impurity self-energy to is

identical to the exact high-energy expansion found by calculating moments of the in-

teracting density of states[97].

The secondself-consistency condition is more subtle, and involves comparing fea-

turesof the quasiparticle peak at the Fermi level (seeFig. 4.1). In order to separatethe

quasiparticle peak from the rest of the function, we focus on the low frequency behav-

iour of the self-energy, and write it asS� (! ) = a� + b� ! + O(! 2). This will characterize
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a normal but renormalized quasiparticle, with a quasiparticleresiduez de�ned:

z� =
�

1 �
dSlocal;�

d!
(0)

� � 1

=
1

(1 � b� )
: (4.6)

We can construct coherent impurity and lattice Green's functions, by combining the

non-interacting Green'sfunction with the low frequencyself-energy (a� + b� ! ) in place

of the full S� (! ) in a Dyson's equation. Theseare called coherent becausethe effect of

such a self-energy is merely to renormalize the width, height and position of the poles

of the non-interact ing Green's function:

G(coh)
latt ;� (k ; ! ) =

1
! + � � � k � a� � b� !

=
z�

! � z�
�
� k � � + a�

� (4.7)

G(coh)
imp ;� (! ) =

1
! + � � D� (! ) � a� � b� !

=
z�

! � z�
�
D� (! ) � � + a�

� (4.8)

(recall that D� (! ) = V2
� =(! � � c� ) for the two-site impurity model, seeEqn 4.2). The

quasiparticle residue z� indicates how much of the original non-interacting quasipar-

ticle is left now there are interactio ns (c.f. Fermi liquid theory, §1.1).

The coherent Green's functions encapsulate properties of the zero energy quasi-

particle peak, and we characterize the peak by its high-energy tails; keeping only the

coherent part of the self-energy causesthe peak to become isolated from the result of

the spectrum. To examine the tails of the Green's functio ns, we expand their coherent

forms at high frequency ! , and compare the lattice and impurity casesanalytically to

derive a self-consistency condition. Fig. 4.1 shows some typical impurity and lattice

Green's functio ns in their normal and coherent forms, at self-consistency. So, for the

lattice Green's function

G(coh)
latt ;� (k ; ! ) =

z�

!

�
1+

z� (� � a� � � k )
!

� � 1

'
z�

!
�

z2
�

! 2(� � a� � � k ) +
z3

�
! 3(� � a� � � k )2 + O(1=! 4) ; (4.9)

and for the impurity Green's function

G(coh)
imp ;� (! ) '

z�

!

�
1+

z� (� � a� )
!

+
z� V2

�
! 2 + O(1=! 3)

� � 1

'
z�

!
�

z2
�

! 2(� � a� ) +
z2

�
! 3

h
V2

� + z� (� � a� )2
i

+ O(1=! 4) : (4.10)
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Comparing order-by-order in 1=! up to O(1=! 4) in Eqn 4.4,they match if:

å
k

� k = 0 and V2
� = z� å

k
� 2

k : (4.11)

The non-interacting dispersion can always be shifted such that the �rst conditio n is

true, and the second provides our other two- site DMFT self-consistency condition.

It constrains the couplings V� in terms of the quasiparticle residues z� , which are

calculated from the local self-energy of the impurity model (Eqn 4.6), and a lattice-

dependent prefactor equal to the second moment of the non-interacting density of

states.On the Bethelattice, å k � 2
k = t2 (seeEqn B.9).

To summarize, the four self-consistency equations for two- site dynamical mean-

�eld theory are:

nimp ;� = nlat ;�

V2
� = z� å

k
� 2

k : (4.12)

The self-consistency procedure is illustrated asa �owchart in Fig. 4.2;the bath param-

eters of the two-sit e DMFT effective impurity model are constrained by matching the

on-site lattice and impurity Green's functions using the electron �lling and the weight,

centre of gravit y and variance of the coherent quasiparticle peak. In the next section

(§4.3)I will describehow theseself-consistency conditions canbe implemented in prac-

tice.

4.3 Method

In this section I shall discussthe implementation of the two- site DMFT self-consistency

procedure described in the previous section. First, given the impurity parameters

f � c� ; V� g, we need to calculate the impurity and lattice �llings (nimp ;� , nlatt ;� ) and the

quasiparticle weight z� . Second,we need a method for adjusting the input parame-

ters f � c� ; V� g to satisfy the self-consistency equations (Eqn 4.12).We wish to consider

a given total electron �lling nAim , so the chemical potential � becomesan additional

input parameter constrained by the extra self-consistency equation å � nlatt ;� + nAim .

4.3.1 Calculations

The �rst stageis to construct the impurity Hamiltonian (Eqn 4.1)asamatrix connecting

the 24 = 16possible many-electron states.It canbe separatedinto sectorsf n" ; n#g with
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H (f � c� ; V� ; � g)

Diagonali ze

� �
Gimp ;�

Dyson (Eqn 4.3)
/ /

j0i

� �

S� (! )
Dyson (Eqn 3.5)

/ /

Eqn 4.6

� �

Glatt ;� (k ; ! )

Eqn 4.16

� �

(physical content)

~�

nimp ;�

� �

z�

yyrrrrr
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rrrrr
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r

nlatt ;�

t t ii i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i

nimp ;� = nlatt ;� ?

V2
� = z� t2?

n = nAim ?
Yes

99

No

Impr ovef � c� ; V� ; � g

BB

Solution.

Figure 4.2: Flow chart showing the two-site dynamical mean-�eld theory self-consistencyprocedure.

the samenumber of electrons, which aredisconnectedsincethe Hamiltonian conserves

particles.1 A numerical diagonalization (seeAppendix C) gives a set of eigenvalues

and eigenvectors, from which the ground state can be identi�ed. The impurity �lling

nimp ;� = h0jcy
� c� j0i is calculated easily from the eigenvectors.

The overlap between the ground state, and eachexcited state that has an electron

added or removed, is used to calculate the zero temperature Green's function on the

impurity site, by meansof the Lehmann representation (c.f. Eqn 3.13):

Gimp ;� (! ) = å
i

�
�
�h0jcy

� ji i
�
�
�
2

! � (E0 � Ei )
+

�
�
�hi jcy

� j0i
�
�
�
2

! � (Ei � E0)
; (4.13)

where the sum is over all eigenstatesi, which can be writt en Gimp ;� (! ) = å i ai � =(! �

bi � ) in terms of a set of residues and poles f ai � ; bi � g. We can now calculate the local

self-energy de�ned in Eqn 4.3at any ! , given f ai � ; bi � g:

S� (! ) = ! + � �
V2

�
! � � c�

�

 

å
i

ai �

! � bi �

! � 1

; (4.14)

1This is in practice unnecessaryfor such a small matrix, but will becomenecessaryfor later calcula-
tions.
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and hencealso the quasiparticle weight (Eqn 4.6):

z� 1
� =

å i ai � =b2
i ��

å i ai � =bi �
� 2 �

V2
�

� 2
c

: (4.15)

The �nal quantity is the lattice �lling nlatt ;� , which is the most time consuming quantity

to evaluate, asa numerical integration is required. From Eqn 4.4and Eqn 4.5we have

nlat ;� = �
1
�

Z 0

�1
d! Im

! ! ! � i �
å
k

1
! + � � � k � S� (! )

: (4.16)

If the local Green's function or density of states is known analytically , we can use the

form given in Eqn 3.10:

nlat ;� = �
1
�

Z 0

�1
d! Im

! ! ! � i �
G0(! + � � S� (! )) = �

1
�

Z 0

�1
d! � 0(! + � � S� (! )) ; (4.17)

where G0 (� 0) is the non-interact ing local Green's function (density of states) for the

lattice under consideration. For the Bethelattice (see§B.1,Eqn B.7)

nlat ;� =
1

2t2�

Z 0

�1
d!

8
<

:
0 if j! + � � S� (! )j > 2t
p

(! + � � S� (! ))2 � 4t2 if j! + � � S� (! )j < 2t
: (4.18)

The integration must be carried out numerically (seeAppendix C) since the algebraic

form of S� (! ) (seeEqn 4.14)is rather unwieldy .

4.3.2 Self-consistency

We can now calculate all quantities we need, given the input parameters f � c� ; V� ; � g,

and we now need to decide how theseshould be adjusted to achieve self-consistency

(Eqn 4.12). Consider the highly non-linear function F which evaluates the vector dis-

tance from self-consistency:

F

0

B
B
B
B
B
B
@

� c"

� c#

V"

V#

�

1

C
C
C
C
C
C
A

=

0

B
B
B
B
B
B
B
@

nimp ;" � nlatt ;"

nimp ;# � nlatt ;#

V2
" � z" t2

V2
# � z#t2

nlatt ;" + nlatt ;# � nAim

1

C
C
C
C
C
C
C
A

(4.19)
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(for the Bethe lattice); we wish to solve the equation F(x) = 0. The problem is multi-

dimensional root-�nding, for which I chose to use the Broyden method, the optimal

variant of Newton's method for problems with a computatio nally expensive evalua-

tion of F and an unavailable gradient r F (see§C.1for further discussion). If successful,

root-�nding yields a set x = f � c� ; V� ; � g of self-consistent input parameters. There is

no reasonwhy theseshould beunique, and indeed multiple solutions for a given (U ; n)

pair certainly occur (a simple example is coexistenceof ferromagnetic and paramag-

netic solutions; see§4.4), and the ground state must be identi�ed by comparing the

energiesof the solutio ns.

Dynamical mean-�eld theory describesa truly interacting many-body system, and

the energy of such a system is not trivial to calculate. For a non-interacting system we

may calculate the energy as a quantity similar to
R0

�1 d! ! � (! ), but when interactions

are present the density of statesis speci�c to a given electron �lling. We must imagine

summing the energy — the chemical potential — of adding eachelectron cumulatively

to the system. Each time the density of states as a whole will change due to the in-

�uences of this extra electron. This does not lead to a practical means of calculating

the energy, becausewe have to �nd self-consistent solut ions for speci�c values of the

�lling, n.

There is an alternative method for calculating the ground state energy, however.

Whilst the two-bo dy Hubbard interactio n prohibits dir ect calculation of the energy

as hH i , we can proceed by dividing the Hamiltonian into its kinetic energy h� k i and

potential energy parts. The former is dir ectly calculable, and the latter can be deduced

by virtue of its relationship with the full Hamiltonian [98, 99]. The result for the total

energy is

E = �
1
�

Z 0

�1
d! Im

! ! ! � i �
å
k ;�

�
� k + 1

2S� (! )
�

Glat;� (k ; ! ) (4.20)

= å
�

Z 0

�1
d!

�
! + � � 1

2S� (! )
�
� 0(! + � � S� (! )) ; (4.21)

where � 0 is the non-interacting local density of states (c.f. Eqn 4.17, Eqn 4.16 and

Eqn 3.10). This expression coincides with Eqns (36,37)of Ref. [69]. In summary, the

energy of a solution can be calculated merely by means of a further numerical inte-

gration akin to the lattice �lling; the easeof this calculation is a further advantage of

two-sit e DMFT.

As a �nal note, we wish to explore the two-dimensional (U ; n) phasediagram, and

this can be achieved ef�ciently by “seeding” the self-consistency loop with parameters

corresponding to previously calculated neighbouring points.
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4.3.3 Results for the paramagnetic phase

In this section I shall outline results for the paramagneticsolutio n of the two-sit e DMFT

equations on the Bethelattice (bandwidth 4t), wherein all quantities are constrained to

be identical for � = " and � = #.

At half-�lling , the numerics becomepathological, but progresscan be made ana-

lytically . Apart from the sectors which contain two electrons out of the maximum four,

the Hamiltonian matrix is only 2 � 2 and can be diagonalized analytically . At half-

�lling the system should be particle-hole symmetric, which must also be true for the

impurity model; and the energy of the eigenstate with n electrons is the same as the

eigenstatewith 4 � n electrons. Comparing n = 0 and n = 4yields � = (U + � c" + � c#)=2,

and comparing n = 1 and n = 3 gives two possibilities: either � c" = � c# = 0 (and V� un-

constrained), or � c" = � � c# and V" = � V#. Solving the �rst casefor self-consistency

with V" = V# gives the key result

z� =

8
<

:

1 � (U=6t)2 if U < 6t

0 if U > 6t :
(4.22)

This demonstrates the Mott transitio n: the quasiparticle residue falls off as the inter-

action strength is increased,and the system becomesan insulator at Uc = 6t (compared

to abandwidth of 4t). The parabolic form is the sameasthe Gutzwiller variatio nal app-

roach[84]. The crit ical value Uc = 6t comparesreasonablywell with the Brinkman-Rice

result of Uc = 6:79t; there is better agreement with ED and NRG DMFT calculations

(seeFig. 1 of Ref. [69]).

Using the full numerical two-site DMFT calculations to investigate off half-�lling

gives results for the quasiparticle residue z asshown in Fig. 4.3: there is no Mot t tran-

sition, as z no longer suddenly becomesexactly zero but falls off increasingly gently

further away from half-�lling.

Returning to the half-�lling case,Fig. 4.4 shows how the density of states within

two-sit e DMFT evolves with U. The classicthree-peakstructure of more sophisticated

DMFT approaches(§3.5.1)is captured neatly: asU increasesthe Hubbard bands form

and move apart, and the central quasiparticle becomesheavier until the peak suddenly

vanishes at the Mott transit ion. Off half-�lling the density of states retains the three

peak form, but increasingamounts of weight fall in the central band. Fig. 3 of Ref. [69]

shows someexamples,which coincide with my calculations.
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Figure 4.3: Quasiparticle residue z as a function of U for various values of the electron �lling. Solid line:
analytic form at n = 1 (half-�lling) z = 1 � (U=6t)2); the other data points � ; F ; � ; N; � correspond to n =
0:99; 0:9;0:7; 0:5;0:25 respectively.
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Figure 4.4: Density of states for two-site DMFT on the Bethe lattice at U = f 0:1t;2:1t; 4:1t; 6:1t;8:1tg very near
to half-�lling. The pictur es of Mott–Hubba rd and Brinkman–Rice are both captured by two-site DMFT; Hubbar d
bands can be seencoexisting with an increasingly heavy central quasiparticle which vanishes at higher U: the Mott
transition.
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4.4 Ferromagnetic and antif erromagnetic phases

To allow for the possibility of magnetism, quantities should be permitted to dif fer de-

pending on the spin � , and if the spin symmetry remains broken in the self-consistent

solution, the stateis ferromagnetic: eachsite in the real lattice would have identical mag-

netic properties. The two-sit e DMFT equations as formulated above can produce such

solutions.

4.4.1 Representing antife rromagnetism

We also wish to allow for the possibilit y of antiferromagnetism, where the magnetic

properties of eachsite alternates: on a bipartite latticeeachlattice site can be labelled A

or B, and A sitesare only connectedto B sites. A " spin on an A site has identical prop-

erties to a # on a B site, which means that we can derive a new set of self-consistency

equations for DMFT, such that an " spin �uctuates so that surrounding sites seeit asa

# spin, and vice versa [93].

We begin the derivation of antiferr omagnetic self-consistencyequations for DMFT

by dividing the kinetic energy part of the Hamiltonian into sublattices:

H AFM
0 = å

k
� k ĉy

k ĉk = 1
2 å

k
� k

h
ĉy

Ak ĉBk + ĉy
Bk ĉAk

i
; (4.23)

which leads to a matrix lattice Green's functio n

GAFM
0;latt ;�

� 1
(k ; ! ) = 1

2

 
! + � � � k

� � k ! + �

!

; (4.24)

where the sublattice is the matrix index. Matrices within DMFT are discussedin detail

within the context of cluster DMFT (Chapter 5); this section will just contain a brief

summary of results, which will be superseded. The self-energies calculated from the

impurity model can be intr oduced to the diagonals of the Green's functions, giving:

GAFM
latt ;� (k ; ! ) =

! + � � S�̄

(! + � � S� )(! + � � S�̄ ) � � 2
k

(4.25)

where I have used the label � represents A "� B # and �̄ represents A #� B " . This

function should be used in Eqn 4.5 to calculate the lattice �lling for the antiferr omag-

netic case. When the local density of states is known we can evaluate the k-sum and
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write (c.f. Eqn 4.17):

nAFM
latt ;� =

Z 0

�1
d!

s �
�
�
�
! + � � S�̄

! + � � S�

�
�
�
� � 0

� q
j(! + � � S� )(! + � � S�̄ )j

�
; (4.26)

regions where (! + � � S� )(! + � � S�̄ ) < 0 are excluded, noting the structure of the

Green's function in the complex plane (see §B.1). A dir ect treatment of antiferr o-

magnetism on the Bethe lattice yields an identical result (see§B.3).Finally, for the sec-

ond self-consistency conditio n involving the quasiparticle peak, we expand the coher-

ent part of the antiferr omagnetic lattice Green's functio n as per Eqn 4.9, giving the

condition

V2
� + z�̄ å

k

� 2
k : (4.27)

The only dif ference from Eqn 4.12 is that opposite spin speciesare matched, as one

might expect intuitively .

4.4.2 Results

Simple ferromagnetism

Ferromagnetism emergesfor U > 4t, and at half �lling this critical value canbederived

analytically similarly to §4.3.3. As U increases,it extends away from half-�lling as

shown in Fig. 4.5,reaching for example n � 0:8at U = 8t; this is a very much smaller ex-

tent than the Stoner criterion predicts. There are two dif ferent ferromagnetic solut ions,

with dif ferent magnetizations (as shown in Fig. 4.6);one is fully polarized.2 Nowher e

on the phase diagram do either of the ferromagnetic solut ions have a lower energy

than the paramagnetic solutio n.

A mean-�eld Heisenberg term � Fhmi m̂=2+ Fhmi 2=4canbeintr oduced to the Hamil-

tonian to stabilize itinerant ferromagnetism.3 The energy of the saturated ferromag-

netic solutio n can be decreased suf�ciently that it becomes the ground state, and a

phasediagram in excellent agreement with the more sophisticated DMFT approach of

Vollhar dt and coworkers (Fig. 2 of Ref. [71]) was found.

Simple antiferromagnetism

There are two antiferr omagnetic solutions, which are energetically favour ed over the

paramagnet for some regions of the phase diagram, as shown in Fig. 4.5. First, by
2This saturated solution was hard to pin down becauseit is one of a large subspaceof identical

solutions.
3hmi was intr oduced asan extra free parameter with a self-consistencycondition hmi + n" � n#.
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Figure 4.5: Phasediagram for the simple antiferr omagnetic and ferromagnetic phaseswithin two-site DMFT on the
Bethe lattice (bandwidth 4t). The dashed (dotted) line shows the extent of the antiferr omagnetic (ferromagnetic)
phases,although they are not necessarilyenergetically favour ed within theseregions; the shaded region indicates
where there is an antiferr omagnetic ground state (apart from the hole, which is discussed in the text). Very closeto
half-�lling (n = 1), the ground state is antiferr omagnetic for all U.
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Figure 4.6: Cross-sections of the variation of magnetization with n and U, for the simple magnetic solutions of
two-site DMFT on the Bethe lattice (bandwidth 4t). Two ferromagnetic (FM) phases,one of which is saturated, are
shown, although theseare never energetically favour ed. There are two antiferr omagnetic (AFM) solutions, one of
which is constrained to very near half-�lling, and for thesethe sublatticemagnetization is shown. (a) Variation with
�lling n at U = 7:5t. Antiferr omagnetism at half-�lling is indicated by a � . Paramagnetism becomesfavour ed over
antiferr omagnetism for n . 0:885.(b) Variation with interaction strength U at half-�lling (n = 1). Antiferr omagnet-
ism is energetically favour ed everywhere.
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Figure 4.7: Sublattice-resolved densities of states for simple antiferr omagnetic solutions to two-site DMFT on the
Bethe lattice (bandwidth 4t) for U = f 0:5t;1:5t;3tg at half-�lling. A Slater gap is formed immediately U becomes
�nitesimal. The densities of statesfor the other sublattice are identical but re�ected such that ! ! � ! .

prede�ning � as in §4.3.3,a solutio n can be found at exactly half-�lling; there is also a

very similar state slightly off half-�lling, extending at most to n � 0:995at U � 5t (not

shown in Fig. 4.5). The state is an insulating Slater antiferr omagnet for any �nitesimal

U > 0, and Fig. 4.6(b)shows its Hartr ee-like magnetization curve; its density of states

is plotted for various values of U in Fig. 4.7.

A second,metallic, antiferr omagnetic state exists which has a maximum extent off

half-�lling of n = 0:8 at U = 5:5t, and thereafter recedes(seeFig. 4.5). Its magnetization

as a function of U and n is shown in Fig. 4.8; the magnetization drops to zero again

near half-�lling for interaction strengths above the Mott transitio n (U = 6t), which

perhaps indicates how a metallic solution is becoming unfavourable near to the half-

�lling insulating state. The quasiparticle weight falls off similarly to the paramagnetic

state shown in Fig. 4.3. Looking at this transitio n as U increasesclose to half-�lling,

there is a cusp in the magnetization (see inset of Fig. 4.8) where there no solut ions

could be found (the hole in Fig. 4.5). In this region, there is behaviour reminiscent of

the Falicov–Kimball model, where one spin speciesis localized and the other itinerant:

jz" � z#j exhibits a large peak here.
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Figure 4.8: Magnetization of the simple antiferr omagnetic solution to two-site DMFT on the Bethe lattice (band-
width 4t) as a function of interaction strength U and �lling n. The phase is energetically favour ed nearer to half-
�lling (darker shading), but there is a hole (inset) near the Mott transition (U = 6t) wheresolutions cannot be found.

Degenerate eigenstates

Yet, it turns out that there is a further setof solutio ns (with all threetypes of order) that

aregenerally lower in energy than the previous ones;they comefrom impurity models

with degenerateground states— with dif ferent numbers of electrons. For such phases,

we use a thermody namic average of the two states of the impurity model which are

lowest in energy. The relative weight of the two states,0 � � � 1, is a new parameter,

with the matching self-consistencycondition that the two statesreally are degenerate.

If they are degenerate, any linear combination is a valid ground state (and off self-

consistency the state is unphysical in any case).

In total there are eleven distinct phases within magnetic two-sit e DMFT, includ-

ing both the “degenerate” solutio ns and those described previously ; Fig. 4.9 shows

a schematic phase diagram. A region where ferromagnetism is favour ed has now

emerged; its extent is within the boundary n > 0:71found by the authors of Ref. [100].

The ferromagnetic magnetization increasesroughly linearly from zero towards half-

�lling and does not change signi�cantly with U. All the ground state phases still

exhibit the quasiparticle weight decreasessimilar to Fig. 4.3, characterizing the Mott

transition.

The degeneracy is indicative that the limit of unenhanced two- site DMFT has been

reached,and I shall not discuss the properties of thesephasesin further detail as they

will be supersededby results in later chapters.

67



4. TWO-SITE DM FT SUM M A RY

0.7

0.8

0.9

1.
0 1 2 3 4 5 6 7 8

PSfragreplacements

U=t

n

AFM1

AFM2

AFM3

FM

PM

Figure 4.9: Phasediagram for the antiferromagnetic (AFM) and ferromagnetic (FM) phaseswithin two-site DMFT
on the Bethe lattice (bandwidth 4t), including those from impurity models with degenerate ground states(AFM2,
AFM3 and FM). The paramagnetic phase (PM) and the AFM1 phase are the “simple” (non-degenerate) phasesof
Fig. 4.5. At lower n than shown, there is a region where the ground state phasebecomesan antiferr omagnet with a
tiny moment. At high U, the phaseboundaries continue horizontally at roughly the same�llings.

4.5 Summary

In this chapter I have described a minimal representation of DMFT where a single

bath site provides the spectrum of excitations for the mean-�eld model to explore.

This approach is remarkably successful: for example, the broad features of the Mott

transition can be reproduced (see§4.3.3and Ref. [69]). I have extended two-site DMFT

to encompassferro- and antiferr omagnetic phases,which producesa reasonablephase

diagram and predicts a much smaller extent of magnetism than static Hartr ee mean-

�eld theory, a result in agreement with more sophisticated DMFT studies.

I have restricted my description of the phasesto a brief survey, since they form an

initial test of two-site DMFT, and the results will be superseded by the more soph-

isticated results in later chapters. The �nal phase diagram in Fig. 4.9 is not entirely

satisfactory; the degenerate states are symptomatic of the struggle to represent the

necessaryphysics within the restrictions of the two- site impurity model, and the self-

consistency only managesto succeedby combining together the physics of two dif fer-

ent impurity statesby making them degenerate. The results of this chapter serve only

to justify two-sit e DMFT as a good, quickly calculable kernel for extensions to DMFT;

it is a method with frugal computat ion requirements that, despite its crudeness, can

produce pictur es of interacting systems that in general have only been possible with

far more sophisticated approaches.

When further degreesof freedom are added to the two-sit e DMFT model, the prob-
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lems causedby its simplicity will reduce. The most obvious way of extending two-site

DMFT would be the addition of further bath sites to the impurity model to represent

the dynamics of non-local electrons more accurately. Suitable extra physically-r elevant

self-consistency conditio ns should then be devised to constrain the bath parameters,

in contrast to the conventional exact diagonalization approach to DMFT where self-

consistency is implemented rather blindly . Extending the coherent Green's functions

(Eqn 4.7and Eqn 4.8) to include further terms is one possibilit y for deriving such self-

consistency conditions ; and whilst including a ! 2 term to the reduced self-energy is

pathological, terms such as ! � 1 etc. would be possible. Mor e generally, the whole

self-energy can be used as a variational functional, as discussed in a further paper of

Potthoff [101]. An alternative to such a mathematical approach is to take advantage of

speci�c emergent spectral features,inspir ed by physical intuition.

However , instead of following the conventional DMFT route of representing the

interacting seafaithfully , we can channel our spare computat ional resourcesinto dif-

ferent areas,and let dynamics be captured minimally . For example, we could include

multiple orbitals or bands, to model real materials where band degeneracy causes

interesting physics. One fruitful subject of study would be ruthenate compounds,

which exhibit fascinating behaviour indicative of strong electronic correlations, such

as unconventio nal superconductivity in Sr2RuO4 [102] and metamagnetic quantum

criticality in Sr3Ru2O7 [11]. The evolutio n of magnetism across the strontium/calcium

ruthenate series,Srn+ 2� xCaxRun+ 1O3n+ 4, is counter-intuitive, and DMFT would be an

ideal tool for investigat ing whether this is due to the in�uence of local physics on a

good Fermi liquid (Sr2RuO4). Koga et al. [103] used a method based on two-site

DMFT to study orbital-selectiv e Mott transit ions in the Ca2� xSrxRuO4 compounds,

further evidence of the ef�cacy of two-site DMFT.

However , prior to tackling such materials, we want to be sure of modelling mag-

netism accurately, mindful of the pitfalls of studying paramagnetic phaseswhere there

is lower -energy antiferr omagnetism present [64]. A cluster formulatio n provides a

more satisfactory approach to antiferr omagnetism than the single impurity site app-

roach of this chapter. The rest of this thesis will focus upon clusterDMFT (described

in Chapter 5), where the impurity model consists of a cluster of impurity sites each

connected to a bath representing off-cluster dynamics; I shall use two- site DMFT as

the impurity solver, so eachbath is reduced to a single site. The computat ional effort

saved by the minimal two-sit e implementation of the DMFT self-consistency means

that the phase diagram of the 2D Hubbard model can be comprehensively explored

under a cluster model, in contrast to conventional DMFT where the huge computa-

tional requirements limit investigat ion to just a few points in parameter space.
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Chapter 5

CLUSTER DM FT

H A M LET: Do you seeyonder cloud that's

almost in shapeof a camel?

LORD POLON IUS: By the mass,and 'tis like a

camel, indeed.

H A M LET: Methinks it is like a weasel.

LORD POLON IUS: It is backed like a weasel.

H A M LET: Or like a whale?

LORD POLON IUS: Very like a whale.

W ILL IA M SH A KESPEA RE

Hamlet[104]
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5.1 Introduc tion

Conventional DMFT is formulat ed by isolating a single site from the crystal lattice, and

representing the interactio n of that site with the restof the system with a self-consistent

bath. If a cluster of sites is extracted from the lattice instead of the single site, and em-

bedded in a self-consistentmedium (seeFig. 5.1), we have clusterDMFT. The geometry

of neighbouring sitescanbe included in the theory, and the DMFT equations now have

somemomentum dependence.In practical terms, dif ferent types of magnetic order can

be investigated consistently, and there is now possibility of anisotropy in the Brillouin

zone; this is invisible to conventional DMFT and turns out to be very important. After

describing in detail how exactly I shall interpr et cluster DMFT (§5.2), I shall eventu-

ally focus upon the combinatio n of two-site DMFT (Chapter 4) with cluster DMFT,

described in §5.3.

Conventional DMFT distinguishes between dif ferent crystal lattices only by means

of their densities of states (c.f. Eqn 3.10),and is thus fairly insensitive to lattice intri-

cacies[52]. Antiferr omagnetism on a bipartit e lattice can be dealt with crudely within

conventional DMFT by imagining electrons to change spin orientat ion as they hop

between identical sites, as in reality alternate sites have opposite spin properties. A

reasonablemagnetic phase diagram can be produced with this method (as described

in §4.4.2for two-site DMFT); and it is even possible to seeconsequencesof frustra-

tion.1 In general, however, conventional DMFT is not an ideal theory for studying

magnetism; phenomena such asfrustrat ion are highly dependent on the local geomet-

rical environment. Furthermore, the momentum dependence of any quantity calcu-

lated within conventional dynamical mean-�eld theory cannot vary from that of the

non-interacting dispersion (c.f. Eqn 3.5,Eqn 3.9),and it is known experimentally that

signi�cant momentum anisotropy can emerge, for example from photoemission stud-

ies of the cuprates. So, to capture fully the dynamical effects of inter-site correlations,

and resolve features in momentum space,a cluster DMFT approach is necessary.

There are several dif ferent formulat ions of cluster DMFT, and indeed its derivation

is fundamentally ambiguous — I shall discuss possible approachesin §5.1.1.DMFT is

exact in in�nite dimensions, and cluster DMFT can be formulat ed to provide rigor ous

�nite dimensional corrections, at O(1=d), to DMFT. Whilst the cluster approachconsid-

ered in this thesis (described in detail in §5.2) is not such a well-de�ned extension of

DMFT, it will impr ove upon conventional DMFT asit is a step towards the limit of in�-

nite cluster size, where cluster DMFT is clearly exact. Here the self-consistency condi-
1c.f. Santoro et al. [57], who studied the in�nite-dimensio nal diamond lattice, which is bipartite but

not nested.
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tions will have becomean insigni�cant, albeit sophisticated, boundary condition. For

small clusters, the momentum dependenceof quantities will be weak, and the possible

Fermi surface shapeshighly constrained — but impr oved from conventional DMFT

which is restricted to shapes resulting from the non-interact ing dispersion only. As

the cluster size increases,higher Fourier modes become available to characterize the

dispersion, and the representation of the Fermi surface can becomemore accurate.

Naturally , having to solve a cluster signi�cantly increasescomputatio nal require-

ments, due to the vast increasein Hilbert spacesize. The focus of this thesis will be

the use of a minimal DMFT kernel (two-sit e DMFT asdescribed in Chapter 4) to solve

the DMFT equations emerging from the cluster problem; such an approach enables

a complete survey of the phase diagram of the 2D Hubbard model. In §5.3 I shall

describe how to formulate two-site cluster DMFT for an arbitrary cluster (within the

cluster DMFT approach of §5.2),and in the succeedingsectionsI will derive equations

for the speci�c casesof a 2 � 1 site “pair -cluster” (§5.3.1)and then a 2 � 2 site “quad-

cluster” (§5.3.1).The �nal two chapters (Chapter 6 and Chapter 7) contain a complete

description of the results of thesecalculations.

5.1.1 Approaches to cluster DMFT

There is no unique generalization of DMFT to cluster DMFT [105]. Dif ferent schemes

will arise for the cluster formulatio n depending upon what one takes the fundamental

ansatz behind DMFT to be — for example, whether it is a formal in�nite dimensional

limit, or asa mean-�eld theory with dynamics included through an effective medium.

If one regards DMFT as a strict in�nite dimensional limit, a cluster DMFT can

be derived formally by expanding to O(1=d) [58, 52]. Perturbation theory is local in

in�nite dimensions [53, 52] and the original DMFT equations can be derived from

a Lutting er–Ward functio nal restricted to local Green's functions. Allowing in addi-

tion nearest-neighbour Green's functions producesa cluster-like scheme,requiring the

simultaneous solution of two impurity models, coupled via self-consistency condi-

tions. However , this schemehas been shown to be non-causal [105], and the lattice

geometry does not enter the equations, as the coordination number z < 1 is the only

new parameter.

The Dynamical Cluster Appr oximation (DCA) [106, 107] involves dividing the Bril-

louin zone into a number of cells Nc, and in effect a separateinstance of conventional

DMFT is set up for each cell, centred at K. The DMFT self-consistency condition
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Figure5.1: In the cluster DMFT procedure,asmall cluster is identi�ed and isolated from the rest of the lattice. A bath
is connected to the cluster to represent the dynamics of electrons hopping to neighbouring clusters. To reconstruct
the extended system, the cluster is re-embedded in the lattice, and bath adjusted to ensure it is self-consistent with
this embedding.

(Eqn 3.7) turns into Nc equations

Glocal(K ; i! n) = å
k

1
i! n + � � � K+ k � Slocal(K ; i! n)

; (5.1)

where k is labelling the momenta within a single cell. Each cell explores a dif ferent

part of the dispersion relation � k , and so the result is slightly lattice-dependent. The

DCA can also be formulated in real space[105], and it can be shown to be causal.

In contrast to dividing up momentum space,we can divide real spaceinto clusters,

and this provides the most natural way of approaching phenomena such as antiferr o-

magnetism. A real spacecluster is the basisof Cellular Dynamical Mean Field Theory

(CDMFT) [108, 109, 110], and self-consistency conditio ns can be constructed on con-

sideration of its links to surrounding clusters. My approach to cluster DMFT, which I

shall derive carefully in the next section (§5.2),is closely related to CDMFT.

5.2 My cluster DMFT formu lation

The broad outline of the cluster DMFT procedure is illustrat ed in Fig. 5.1. We begin

by dividing our interacting Hamiltonian (perhaps the Hubbard model, Eqn 1.1) into

clusters, eachwith Nc sites. For eachcluster, at a superlatticepositio n labelled R, there

will be terms solely contained in that cluster (the Hubbard repulsion U and hopping

between cluster sites), which I shall collect into HR. Secondly, there are terms that

interlink clusters, which I shall collect into H D
R , being careful with counting and keep-
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ing daggered terms within their own cluster. So,the total Hamiltonian is

H = å
R

h
HR + H D

R

i
= å

R

h
HR + å

DR
H D

R;R+ DR

i
; (5.2)

showing how the part H D
R which interlinks clusters can be furt her dissected,according

to which neighbouring cluster (at position R + DR) is involved. Similarly to conven-

tional DMFT, we focus on a single cluster, and imagine integrat ing out all sites which

do not belong to that cluster. This will leave an effective action (c.f. Eqn 3.1for conven-

tional DMFT) of the form:

Seff = �
Z �

0
d�

Z �

0
d� 0å

i ; j
cy

i � (� )G� 1
0;i j(� � � 0)cj � (� 0) + U

Z �

0
d� å

i
cy

i" (� )ci" (� )cy
i#(� )ci#(� ) ;

(5.3)

where i; j label positions within the cluster, and G0 hasbecomea matrix, between pairs

of sites in the cluster. The Green's function G0;i j representsthe dynamics of electrons

leaving the cluster from site j and returning to site i after picking up an arbitrary quan-

tum mechanical phase; a realization of the action must enable each element of the

matrix GGG0 to represent an arbitrary function. Supposing we can solve this action, we

can calculate the interacting Green's function for this action (c.f. Eqn 3.2), which will

also be a matrix

Glocal;i j(� � � 0) � �h Tc(� )ic
y(� 0) j i Seff

; (5.4)

and extract a matrix self-energy for the cluster (c.f. Eqn 3.3):

G� 1
local(i! n) = GGG� 1

0 (i! n) � � local(i! n) : (5.5)

Next, we wish to embed this self-energy in the lattice. To do this, we have to know the

non-interacting Green's functio n asa matrix within the cluster basis. Let us start from

Eqn 5.2 with no interactions (U = 0), and de�ne a Fourier transform for the cluster

superlattice of positions R which will have k vectors in some geometry-dependent

ReducedBrillouin Zone(RBZ)

cy
R;i =

1
p

N
å

k2RBZ
eik :Rcy

k ;i

cy
k ;i =

1
p

N
å

R2superlattice
e� ik :Rcy

R;i :
(5.6)

Operators are de�ned speci�c to each site at position i within the cluster, but with a

superlattice momentum k, transformed from the independent position R of the cluster
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asa whole. The Hamiltonian becomes

H0 = å
k

ĉy
k �

h
H + å

DR
eik �DRHD

i
� ĉk = å

k
ĉy

k � H0(k) � ĉk (5.7)

where ĉk is a vector consisting of the operators for each cluster site. H and HD are

matrices with respect to the index of a site within the cluster: H is hopping contained

within the cluster, and HD
i j is the hopping element from site i of the cluster at R to site

j of the cluster at R + DR (for an example, seeEqn 5.25and Eqn 5.26). The end result

is a non-interacting Hamiltonian matrix H0(k) for the cluster, from which we know the

non-interacting Green's functio n matrix (c.f. Eqn 3.4):

G� 1
0;latt (k ; i! n) = (i! n + � )I � H0(k) ; (5.8)

and can insert the self-energy matrix (c.f. Eqn 3.5):

G� 1
latt (k ; i! n) = G� 1

0;latt (k ; i! n) � � local(i! n) : (5.9)

One of the ambiguities of cluster DMFT is how the local cluster self-energy should be

combined with the lattice Green's function; here we are choosing to do it element-by-

element in the matrix, and this is particular to the cluster DMFT scheme. There are

alternative possibilit ies; one example is that used in “PCDMFT” [105], where the real

spaceself-energy Si j between two lattice sites is estimated by averaging hops that are

equivalent to i j within the cluster, and the result Fourier transformed.

Finally, the dynamical �eld matrix in GGG0 in the initial action is constrained, by com-

paring the local lattice Green's function with the interacting Green's functio n of the

effective action. Thesematrices are matched element-by-element, giving an identical

expressionto Eqn 3.6:

Glocal(i! n) + å
k

Glatt (k ; i! n) : (5.10)

Similarly to above, comparing the Green's function matrices element-by-element is a

choice, and our cluster DMFT schemeis now speci�ed, by these two choices(Eqn 5.9

and Eqn 5.10).The DCA self-consistency conditions , for example, dif fer from our app-

roach as patches of momentum spaceare compared instead of matrix elements with

respectto the spatial cluster in our case.

As with the original DMFT procedure, everything above should be duplicated for

the two spin species,which are coupled only by the electron-electron interactio n in the

effective action.
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5.2.1 Extracting physical properties

In conventional DMFT, the constructed lattice Green's function Glatt (k ; i! n) is clearly

the realphysical correlation function. In cluster DMFT, we have amatrix lattice Green's

function Glatt (k ; i! n), and the operators for a speci�c cluster site are not physical quan-

tities, so some manipulation is required to extract physical propert ies. Diagonalizing

the non-interacting Hamiltonian H0(k) gives a set of Nc eigenstatescorresponding to

Nc bands in the �rst reduced Brillouin zone (RBZ). The interacting Green's function

can be transformed likewise, and each eigenstate produces a Green's functio n which

characterizesthe quasiparticles in that band.

Mor e explicitly , let us suppose J is the matrix of normalized eigenvectors of H0(k),

such that H0 = JDJy where D is a diagonal matrix with eigenvalues on its diagonal

(c.f. Eqn 5.27,Eqn 5.37and Eqn 5.38for speci�c examples). I shall term this basis of

eigenstate bands the quasiparticlebasis. To calculate the quantity represented by the

matrix O within the quasiparticle basis,the trace in Eqn 1.2canbe transformed into the

cluster index basis,giving

tr O[(! + � )I � D] � 1 = tr JOJyJ[(! + � )I � D] � 1Jy

= tr JOJy[(! + � )I � H0]� 1

= tr JOJyGlatt ; (5.11)

where in the last line the non-interact ing Green's functio n (in the cluster basis) can

be recognized and is replaced with the interacting Green's functio n. Using matrices

O with just a single non-zero element on its diagonal gives results corresponding to

a single quasiparticle band, and we can calculate the momentum-dependent Green's

function Gqp(! ; k) whose imaginary part gives us the full spectral function. Speci�c

examplescan be seenin Eqn 5.35and Eqn 5.45.

If the cluster's symmetry is completely broken in an otherwise non-interacting sys-

tem, the real quasiparticles of the system will live in the bands of eigenstatesdescribed

above. For example, on the two sublattices of the 2D square lattice, the quasiparticles at

k are superpositio ns of the original particles at k and k + (� =2a; � =2a), and both bands

only extend to the edgesof the �rst RBZ diamond of Fig. 5.2(b)(p81); expressionsout-

side this region will be umklapped, to reproduce its featuresperiodically . I shall often

representsuch a system with an extended zone scheme,where (in this case)the second

band is drawn in the secondRBZ, the remaining half of the original Brillouin zone.

The energy calculation for conventional DMFT (described in §4.3 for the caseof

two-sit e DMFT) can easily be extended to cluster DMFT. All quantities in Eqn 4.20be-

come matrices, and we need to take the trace and then integrate over ! (as in Eqn 1.2).
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The non-interact ing (or kinetic) energy part � k is simply H0; the �nal expression is [98,

99]:

E = �
1
�

Z 0

�1
d! Im

! ! ! � i �
å
k ;�

tr
� �

H0(! ; k) + 1
2� (! )

�
� Glat(! ; k)

�
: (5.12)

5.3 Two-site cluster DMFT

In this section I will describe the extension of the two- site DMFT self-consistencypro-

cedure (§4.2)asa cluster scheme,according to the formulation in §5.2.The form of the

impurity model Hamiltonian is the sameasasthe non-cluster equivalent (Eqn 4.1):

H = H0;bath + H0;imp$ bath + H0;imp + HU ;imp ; (5.13)

there is a bath connected to an impurity part, that has Hubbard U interactio ns. H0;imp

consists of just � � and � t terms, and together with HU ;imp should exactly reproduce

the original lattice Hamiltonian for the isolated cluster sitesonly. As usual, this Hamil-

tonian should be exactly-diagonalized, and the interacting impurity Green's function

Glocal(! ) calculated according to Eqn 5.4. This Green's function will be a matrix with

respectto cluster sites, with elements corresponding to particle excitations within the

impurity sector; from the ground state,an electron may beannihilated from one cluster

site and recreated at another.

To extract the self energy, we �rst need the non-interacting impurity Green's func-

tion matrix for the cluster, to use in Dyson's equation together with the interacting

function. Writing the non-interacting Hamiltonian as a matrix with respectto the im-

purity or bath sites,gives

H0 =
�

ĉy ây
�

 
H0;imp V

Vy �

!  
ĉ

â

!

(5.14)

where ĉ and â are vectors of impurity and bath operators respectively. H0;imp is made

up from the H0imp submatrix, the non-interact ing original tight- binding Hamiltonian

for the cluster; H0;imp $ bath is made up from the Vi j, the hopping from impurity site i

to bath site j; and H0;bath is made up from � , the on-site bath site energies and possible

hoppings between bath sites.

At the moment, this formulation is completely general, and not speci�c to two-

site DMFT; for example, if V is a 1 � N vector, the Hamiltonian represents a single

impurity site connected to a chain of bath sites, and would work for the conventional

exact diagonalization procedure (§3.4.2). For two-sit e DMFT, we generally choosean

77



5. CLUSTER DM FT TWO-SITE CLUSTER DM FT

equal number of bath sites as impurity sites, making V square.2 This truncation to a

minimal bath is the drastic approximation of two-site cluster DMFT; V needsan in�nite

length to be able to reproduce a completely arbitrary matrix of functions GGG0(! ).

V need not be hermitian, as there is no reasonwhy the hopping from impurity site

i to bath site j is the sameas that from impurity site j to bath site i; the hermiticity of

the Hamiltonian is provided by Vy. If eachsubmatrix of Eqn 5.14is 1 � 1, we recover

the original two-site DMFT impurity Hamiltonian, Eqn 4.1.

We wish to integrate out the bath sites; this means inverting the matrix ! I � H0,

throwing away all impurity-c onnected parts, and reinverting the remaining impurity-

part submatrix. In fact, the quantity we shall need is G� 1
0;imp so the last reinversion stage

is unnecessary. So,writing:

 
! I � H0imp � V0

� Vy
0 ! I � �

! � 1

=

 
G0;imp X

Xy Y

!

; (5.15)

gives the equations

I = ! G0;imp � H0;imp G0;imp � V0Xy (5.16)

0 = ! Xy � Vy
0G0;imp � � Xy ; (5.17)

and eliminating Xy yields

G� 1
0;imp = ! I � H0;imp � V(! I � � )� 1Vy : (5.18)

Without loss of generality, we can choose � to be diagonal; if it is not, we can diago-

nalize it and Eqn 5.18shows that the matrix of eigenvectors would merely premultiply

V, which was arbitrary in the �rst place. This remains true when interactio ns are rein-

troduced, as we can integrate out the bath sites even if the impurity Hamiltonian is

non-Gaussian. With a diagonal � , Eqn 5.18 is rather simple, and it is clear that the

non-cluster two-sit e formula Eqn 4.2is recovered when the quantities are not matrices.

We can now extract the cluster self-energy matrix (c.f. Eqn 5.5 and Eqn 4.3 pre-

viously): � local(! ) = G� 1
0;imp (i! n) � G� 1

local(! ) and construct the lattice Green's function

according to Eqn 5.9,using the non-interact ing cluster-speci�c lattice Green'sfunction.

Let us now derive the self-consistency conditio ns for matching the impurity and

lattice matrix Green's functions, i.e. the two-sit e versions of Eqn 5.10.Firstly, we match
2This is not true if the cluster is large enough to have “internal” sites, i.e. not on its boundary. These

impurity sites should not have any bath sites attached to them astheir environment should be the same
asthe original Hamiltonian, and V will no longer be square.
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the lattice and impurity �llings for each cluster site ni , which is just a matter of cal-

culating the quantities in Eqn 4.5 for each cluster site separately. This gives Nc self-

consistencyconditio ns, where Nc is the number of sites in the cluster.

For the secondcondition, we wish to characterizequasiparticles by considering the

self-energy at low energy. Sowe �nd matrices � 0 and � 1 such that � (! ) = � 0 + ! � 1 +
O(! 2), and de�ne the quasiparticleresiduematrix Z (c.f. Eqn 4.6)as:

Z =
�

I �
d� local

d!
(0)

� � 1

= (I � � 1)� 1 : (5.19)

Analogously to Eqn 4.7and Eqn 4.8we cande�ne coherent lattice and impurity matrix

Green's functions

G(coh)
latt (k ; ! ) =

�
! I � H0(k) � � 0 � ! � 1

� � 1

=
�
! I � Z(H0(k) + � 0)

� � 1
Z (5.20)

G(coh)
imp (! ) =

�
! I � H0;imp � V(! I � � )� 1Vy � � 0 � ! � 1

� � 1

=
�
! I � Z(H0;imp + V(! I � � )� 1Vy + � 0)

� � 1
Z ; (5.21)

where the de�nition of Glatt has come from Eqn 5.8, and that of Gimp from Eqn 5.18.

Expanding theseat high frequency analogously to Eqn 4.9 and Eqn 4.10gives for the

lattice Green's function

G(coh)
latt (k ; ! ) =

1
!

"

1 �
Z
�
� 0 + H0(k)

�

!

#� 1

Z

'
Z

!
+

Z
�
� 0 + H0(k)

�
Z

! 2 +
Z
�
� 0 + H0(k)

�
Z
�
� 0 + H0(k)

�
Z

! 3 + O(1=! 4) ;

and for the impurity Green's function

G(coh)
imp (! ) '

1
!

"

1 �
Z
�
� 0 + H0;imp

�

!
�

ZVVy

! 2 + O(1=! 3)

#� 1

Z

'
Z

!
+

Z
�
� 0 + H0;imp

�
Z

! 2 +
Z

�
VVy +

�
� 0+ H0;imp

�
Z
�
� 0+ H0;imp

� 	
Z

! 3 + O(1=! 4) :

We now compare the Green's functions order-by-order in 1=! . At O(1=! ) they clearly

match, and at O(1=! 2) they match as long as:

å
k

�
H0(k) � H0;imp

�
= 0 : (5.22)
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Consulting Eqn 5.7 (where H0(k) is de�ned), eik �DR generally averages to zero, so HD

disappears and we are left with just H, which is just the hopping elements within the

cluster, and the sameas H0;imp . If eik �DR does not average to zero, the energy orig in of

the lattice dispersion can be shifted.

If Eqn 5.22 is thus satis�ed, then the Green's functions match at the next order,

O(1=! 3), if:

å
k

h
H0(k)ZH0(k) � H0;imp ZH0;imp � VVy

i
= 0 : (5.23)

This provides the second self-consistency equation for cluster two-sit e DMFT. It is a

matrix equation for hermitian matrices, so provides N2
c real self-consistency condi-

tions if quantities are complex. The self-consistency conditio n for non-cluster two-site

DMFT (Eqn 4.12)is reproduced if H0(k) ! � � � � k , H0;imp ! � � , and V ! V.

An important question is whether the number of self-consistency conditions is the

sameas the number of variables. Counting complex numbers as two degreesof free-

dom, 2N2
c elements of V plus Nc elements of � gives a total of 2N2

c + Nc variables. But

we only found N2
c + Nc self-consistency conditions, so there are more variables than

can be constrained. Some can be eliminated due to gauge symmetry of the impurity

Hamiltonian — the phase of the bath sites can be rotated arbitrarily — but in general

there remain too many. We have to make a choice of which variables to keep, and

apply some further constraints to our impurity models. This is not a problem as two-

site DMFT has already made a somewhat arbitrary choice of degreesof freedom; we

are after the simplest possible model in any case,and �exibility in choosing a sensible

small set of parameters is an advantage.

In this section, I have again completely ignored spin indices for clarity. Every quan-

tity can be duplicated for � = " and � = #, and the two spins are only coupled in the ex-

act diagonalization of the impurity Hamiltonian, via the Hubbard U interaction terms.

5.3.1 Pair-cluster (2 � 1)

This section contains a derivation of the cluster two-sit e DMFT equations for a cluster

consisting of just a pair of sites, a speci�c instance of the formalism described above

(§5.3).I shall only include nearest-neighbour hopping, and work on a 2D square lattice,

which is bipartite; every site is a member of one of the two sublattices, and connected

only to sites in the other sublattice. Figure 5.2(a) illustrates how the square lattice

is divided into pair-clusters. The two cluster sites will represent the two sublattices,

and when their spin content is dif ferent, the system will have an antiferr omagnetic

moment. The tight- binding non-interacting Hamiltonian can be divided into clusters
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Figure 5.2: (a) Division of the 2D square lattice in to clusters consisting of a pair of sites. Each cluster has six
neighbouring clusters, at displacements of (� a; � a) and (� 2a;0), and all hoppings connect a site to the opposite
sublattice. (b) All quantities in the Fourier-transformed pair -cluster model have momenta which live in the �rst
reduced Bril louin zone, a diamond shapeshown with a dashed line. The secondreduced Bril louin zone makes up
the restof the original square.

asEqn 5.2,and written

H = � t å
R

cy
R;AcR;B + cy

R;BcR;A

+ cy
R;AcR+ (� 2a;0);B + cy

R;AcR+ (� a;a);B + cy
R;AcR+ (� a;a);B

+ cy
R;BcR+ (2a;0);A + cy

R;BcR+ (a;a);A + cy
R;BcR+ (a;a);A ;

(5.24)

where A and B represent the two sites within the cluster, and the superlattice posi-

tion R = n(2a; 0)+ m(a; a) is the positio n of the cluster asa whole. Daggered operators

are kept in their own cluster: the hermitian conjugates to the last few terms appear in

other clusters. De�ning a Fourier transform according to Eqn 5.6gives a reduced Bril-

louin zone (RBZ) consisting of a diamond shape(seeFig. 5.2(b)),and the Hamiltonian

becomes

H = � t
1
N å

R;k ;k 0(RBZ)

ei(k0� k):Rcy
k 0;Ack ;B

h
1 + e+ i2kxa + e+ ikxa+ ikya + e+ ikxa� ikya

i

+ cy
k 0;Bck ;A

h
1 + e� i2kxa + e� ikxa+ ikya + e� ikxa� ikya

i
:

(5.25)
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Figure 5.3: An illustration of the pair -cluster
schemeextended to three dimensions, show-
ing a a cluster and its ten nearest neighbours.
No calculations were done using this scheme;
it is shown merely to illustr ate the easeof ex-
tending the pair -cluster scheme to higher di-
mensions.

PSfragreplacements
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� � � �
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Figure 5.4: Impurity model used for pair -cluster two-site DMFT (c.f. Eqn 5.28).
There is an impurity site (with a Hubbar d U interaction) representing eachsub-
lattice A and B, connected together with a � t hopping element from the original
lattice; eachis connectedby various couplings V::: to two bath siteswith energies
� :::.

Carrying out the R sum gives N � (k0� k), and hence

H = å
k2RBZ

�
cy

k ;A cy
k ;B

�
 

0 eikxa� k

e� ikxa� k 0

!  
ck ;A

ck ;B

!

; (5.26)

de�ning the matrix H0(k) of Eqn 5.7, where the 2D square lattice dispersion � k =

� 2t(coskxa+ coskya). The Hamiltonian in Eqn 5.26 is valid for an arbitrary number

of dimensions, since we can replacethe ky terms with a sum over further dimensions,

and these terms will be recollected in � k ; x remains special as the cluster is aligned

along this dir ection. Figure 5.3shows a representation of a 3D pair-cluster scheme.

To �nd the true quasiparticles when the cluster symmetry is broken (c.f. §5.2.1),we

diagonalize this Hamiltonian to give H0(k) = JDJy, where

J =
1

p
2

 
1 1

e� ikxasgn� k � e� ikxasgn� k

!

and D =

 
j� k j 0

0 �j � k j

!

: (5.27)

As expected, eacheigenstate is identical in the �rst and second RBZs, and in a single

RBZ, both eigenstatestogether can recreatethe complete orig inal dispersion. The sec-

ond band of quasiparticles is just the upper half of the original dispersion (i.e. where

� k > 0). We will use the matrix J to transform between the cluster site (sublattice)

operators to bands of real quasiparticles, asdescribed in §5.2.1.

Let us proceed onto the two-site DMFT procedure, and apply §5.3 to the pair-

cluster. Each impurity site of the cluster has a bath site attached, and hopping is al-
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lowed from either impurity site to either bath site. This impurity model is shown in

Fig. 5.4,and its Hamiltonian, divided into submatrices for impurity and bath sites (as

Eqn 5.14),is

H = å
�

Ĉy
�

0

B
B
B
B
@

0 � t VA;� VAB;�

� t 0 VBA;� VB;�

V �
A;� V �

BA;� � A;� 0

V �
AB;� V �

B 0 � B;�

1

C
C
C
C
A

Ĉ� + Uĉy
A" ĉA" ĉy

A#ĉA# + Uĉy
B" ĉB" ĉy

B#ĉB# ;

(5.28)

where Ĉy
� =

�
ĉy

A;� ĉy
B;� ây

A;� ây
B;�

�
— recall that impurity sites correspond to ĉy and

bath sites ây. As ever, we exactly-diagonalize this many-particle Hamiltonian, and

extract amatrix self-energy which is inserted into the lattice Green'sfunction. In matrix

form, the impurity Green's functio n is

G� 1
imp (! ) =

0

@! + � � jVA j2
! � � A

� jVBA j2
! � � B

� SAA(! ) t � VA V �
AB

! � � A
� V �

BVBA
! � � B

� SAB(! )

t � V �
A VAB

! � � A
� VBV �

BA
! � � B

� S�
AB(! ) ! + � � jVABj2

! � � A
� jVBj2

! � � B
� SBB(! )

1

A (5.29)

(using Eqn 5.18),and the lattice Green's functio n is

G� 1
latt (k ; ! ) =

 
! + � � SAA(! ) � eikxa� k � SAB(! )

� e� ikxa� k � S�
AB(! ) ! + � � SBB(! )

!

; (5.30)

where I have dropped spin indices for clarity. These two Green's functions should

be matched for self-consistency (Eqn 5.10). Within the two-site cluster DMFT scheme

(§5.2),this requirement is implemented �rst by the condition that electron �llings for

the impurity and lattice are the same. The impurity �llings can be calculated from the

ground stateof the exactdiagonalized Hamiltonian

nimp ;A;� = h0jĉy
A � ĉA� j0i ; nimp ;B;� = h0jĉy

B� ĉB� j0i ; (5.31)

and for the lattice �llings we can use Eqn 1.2; both O and G become matrices in the

cluster index basis. For the caseof the A sublattice,we have

nlat;A =
1
�

Z 0

�1
d! Im å

k
tr

 
1 0

0 0

!  
! + � � SAA(! ) eikxa� k � SAB(! )

� e� ikxa� k � S�
AB(! ) ! + � � SBB(! )

! � 1

(5.32)

=
1
�

Z 0

�1
d! Im å

k

! + � � SBB�
! + � � SAA

��
! + � � SBB

�
� jSABj2 � 2Re

�
SAB� k e� ikxa

�
� � 2

k

;

where I have again dropped the spin-dependence,and have shown neither the ! dep-
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endenceof the self-energies nor the analytic continuatio n explicitly . The second self-

consistencyconditio n, Eqn 5.23,gives:

 
3t2ZB � jVA j2 � jVBA j2 VAV �

AB + V �
BVBA

V �
AVAB + VBV �

BA 3t2ZA � jVBj2 � jVABj2

!

+ 0 (5.33)

where we have carried out the k-sums, and ZA and ZB are the diagonal elements of

the quasiparticle residue matrix Z, calculated from the derivatives of the self-energy

matrix � at ! = 0 (Eqn 5.19).

As discussed in the previous section, two-site cluster DMFT will be underspeci-

�ed in general, as there will be more parameters than self-consistency conditions . For

the pair-cluster, after choosing VA,VB to be real (using gauge symmetry), there are 8

input parameters left (� A , � B, VA, VB, VAB, VBA, V �
AB, V �

BA) and 6 matching conditions

(nA , nB, plus the four matrix elements of Eqn 5.33),doubled if spin is included. Con-

tinuing our philosophy of adopting the minimal possible implementation of DMFT,

so that it may be solved quickly for a wide range of parameters, we choose to take

all the cross-hoppings (VAB, VBA , V �
AB, V �

BA) as zero, which leaves four variables and

four equations. The off-diagonal elementsof Eqn 5.33are satis�ed, and the remainder

simplify to

3t2ZB + V2
A

3t2ZA + V2
B : (5.34)

The equality of impurity and lattice �llings on eachcluster site, together with Eqn 5.34

— all duplicated for the two spin species— provide eight self-consistency conditions

for two-sit epair-cluster DMFT. The resulting self-consistent solutions will bepresented

in Chapter 6.

After self-consistency is achieved, we need to calculate further quantities. To com-

paredif ferent phases,the energy of a solution is required, and this is given by Eqn 5.12,

using Eqn 5.26for H0(k) and Eqn 5.30(inverted) for Glatt (k ; ! ). To determine the spec-

tral weight for a real quasiparticle (in a non-interacting -eigenstate band, rather than

in the cluster basis), we can use Eqn 5.11. The quantity JOJy in Eqn 5.11 becomes 
1 eikxa

e� ikxa 1

!

, giving

G(k ; ! ) =
! + � �

�
SA(! ) + SB(! )

�
=2+ � k + SAB(! ) coskxa

�
! + � � SA(! )

� �
! + � � SB(! )

�
� S2

AB(! ) � 2SAB(! )� k coskxa � � 2
k

; (5.35)

for the minimal model where SAB(! ) must be real. Evaluating G(k ; ! ) in the second
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RBZ gives the secondband of quasiparticles.

Eqn 5.35can be compared with the lattice Green's function used for the study of

antiferr omagnetism from a single site, Eqn 4.25.Concentrating on the denominators,3

the form is the same except SAB was neglected previously : this self-energy term en-

capsulatescorrelations between the sites and its presencewill prove to be important.

Eqn 5.35alsodemonstratesthe limited k-dependencein an approach involving a small

cluster: Fermi surface can only be some combination of the shape provided by the

non-interacting dispersion � k and a lemon shape corresponding to � k coskxa. The co-

ef�cients of theseterms are ! -dependent (from the local self-energies), and the DMFT

self-consistency will adjust where in energy eachterm hasan in�uence — most impor -

tantly at ! = 0 where the Fermi surface is formed.

5.3.2 Quad-cluster (2 � 2)

Whilst the 2 � 1 cluster produced many interesting results (seeChapter 6), there are

artifacts due to the cluster breaking the x-y symmetry of the lattice. Extending to a 2 � 2

cluster removes this problem, and also means that more Fermi surfacesshapes(such

as those with tetragonal symmetry) can be supported. In this section I shall describe

the cluster basis and two-site DMFT equations for such a “quad-cluster ,” providing a

secondinstantiatio n of the general quantities derived in §5.2and §5.3.

As previously, the lattice is divided into clusters (illustrated in Fig. 5.5), and the

non-interacting lattice Hamiltonian becomes

H0(k) =

0

B
B
B
B
@

0 � 2teikxacoskxa 0 � 2teikyacoskya

� 2te� ikxacoskxa 0 � 2teikyacoskya 0

0 � 2te� ikyacoskya 0 � 2te� ikxacoskxa

� 2te� ikyacoskya 0 � 2teikxacoskxa 0

1

C
C
C
C
A

; (5.36)

as a matrix with respectto cluster sites. Diagonalization is straight forwar d and gives

four eigenvalues 0

B
B
B
B
@

+ 2t(� coskxa � coskya)

+ 2t(+ coskxa+ coskya)

+ 2t(+ coskxa � coskya)

+ 2t(� coskxa+ coskya)

1

C
C
C
C
A

; (5.37)

3We should really be comparing with Eqn 4.25 transformed to the quasiparticle basis; this is why
there are dif ferencesin the numerator.
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Figure 5.5: (a) Division of the 2D square lattice into clusters consisting of four sites in a 2 � 2 arrangement. Each
cluster has four neighbouring clusters, at displacements of (� 2a;0) and (0; � 2a); care needs to be taken in estab-
lishing which cluster site of the neighbour is hopped to from each original cluster site. (b) All quantit ies in the
Fourier-transformed quad-cluster model have momenta which live in the �rst reduced Brillo uin zone, which is a
smaller square, shown with a dashed line. Three other reduced Brilloui n zones make up the rest of the original
zone.
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Figure 5.6: Impurity model used for quad-cluster two-site DMFT (c.f. Eqn 5.39).There are four impurity sites(with
a Hubbard U interactions), connectedtogether with � t hopping elementsfrom the original lattice; eachis connected
by various couplings V::: to four bath siteswith energies � :::.

forming the diagonal of D, and four eigenvectors making up

J =
1
2

0

B
B
B
B
@

1 1 1 1

e� ikxa � e� ikxa � e� ikxa e� ikxa

e� ikxa� ikya e� ikxa� ikya � e� ikxa� ikya � e� ikxa� ikya

e� ikya � e� ikya e� ikya � e� ikya

1

C
C
C
C
A

: (5.38)

The two-sit e impurity model with a bath site attached to each site in the cluster

is illustr ated in Fig. 5.6, and the non-interact ing Hamiltonian in the matrix form of

Eqn 5.14has elements

H0;imp =

0

B
B
B
B
@

0 � t 0 � t

� t 0 � t 0

0 � t 0 � t

� t 0 � t 0

1

C
C
C
C
A

and V =

0

B
B
B
B
@

VA VAB VAC VAD

VBA VB VBC VBD

VCA VCB VC VCD

VDA VDB VDC VD

1

C
C
C
C
A

: (5.39)

As previously, the interacting impurity Hamiltonian is exactly-diagonalized to give

the interacting impurity Green's function. According to Dyson's equation (Eqn 5.5),

we can extract the 4 � 4 matrix self-energy, using the non-interacting Green's function

(calculated using Eqn 5.18).Combining the self-energy with the matrix non-interact ing

lattice Green's function
�
(! + � )I � H0(k)

� � 1 gives the lattice Green's function. Finally,

this is compared with the impurity Green'sfunction by meansof �llings and the quasi-

particle weight condition (Eqn 5.23).
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Figure 5.7: Impurity model used for 2 � 2 cluster calculations, reduced to the minimal set of parameters to study
antiferr omagnetism.

However , in practice this gives a solution spacewith a large number of dimensions,

and a greater mismatch of numbers of parameters and constraints than before. So,we

look for a reduced implementation with the minimal possible number of variables that

will permit self-consistency: as a �rst stagewe just want greater �exibility in k-space

than the 2 � 1 cluster.

In the implementation I have chosen,I choose to look only for antiferr omagnetism

and paramagnetism, and so take every quantity on site C to be the same as site A,

and every quantity on site D to be the same as site B; and up spins on A sites are

the sameas down spins on B sites, and so on. Physically, this will also mean that x-y

symmetry may not be broken (unlike the 2 � 1 cluster), although other momentum-

spacedistor tions will still be permitted. There are now just two dif ferent site energies

(� A and � B) and six dif ferent couplings (VA, VB, VAB, VBA, VAC and VBD), which we

constrain to real numbers for simplicity . This impurity model is illustrated in Fig. 5.7,

and the matrices entering the Hamiltonian in Eqn 5.14are

V0;" =

0

B
B
B
B
@

VA VAB VAC VAB

VBA VB VBA VBD

VAC VAB VA VAB

VBA VBD VBA VB

1

C
C
C
C
A

; � " =

0

B
B
B
B
@

� A 0 0 0

0 � B 0 0

0 0 � A 0

0 0 0 � B

1

C
C
C
C
A

;

V0;# =

0

B
B
B
B
@

VB VBA VBD VBA

VAB VA VAB VAC

VBD VBA VB VBA

VAB VAC VAB VA

1

C
C
C
C
A

; � # =

0

B
B
B
B
@

� B 0 0 0

0 � A 0 0

0 0 � B 0

0 0 0 � A

1

C
C
C
C
A

: (5.40)

The matrix impurity Green's functions now have certain symmetries, exhibiting
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�ve degreesof freedom:

G� 1
imp ;" =

0

B
B
B
B
@

GA GAB GAC GAB

GAB GB GAB GBD

GAC GAB GA GAB

GAB GBD GAB GB

1

C
C
C
C
A

; G� 1
imp ;# =

0

B
B
B
B
@

GB GAB GBD GAB

GAB GA GAB GAC

GBD GAB GB GAB

GAB GAC GAB GA

1

C
C
C
C
A

(5.41)

and for the non-interact ing Green's function the elementsare

GA = ! + � �
V2

A + V2
AC

! � � A
�

2V2
AB

! � � B
; GB = ! + � �

V2
B + V2

BD
! � � B

�
2V2

BA
! � � A

;

GAB = t � VBA
VA + VAC

! � � A
� VAB

VB + VBD

! � � B
;

GAC = �
2VAVAC

! � � A
�

2V2
AB

! � � B
and GBD = �

2VBVBD

! � � B
�

2V2
BA

! � � A
; (5.42)

using Eqn 5.18.The interacting Green'sfunctio n is calculated by exactdiagonalization,

and inverted (taking advantage of the symmetry). From these two Green's functions

the self-energy matrix can be calculated (which has the samesymmetries asEqn 5.41),

and the lattice Green's function constructed: G� 1
latt ;" (! ; k) =

0

B
B
B
B
@

! + � � SA 2teikx coskx � SAB � SAC 2teiky cosky � SAB

2te� ikx coskx � SAB ! + � � SB 2teiky cosky � SAB � SBD

� SAC 2te� iky cosky � SAB ! + � � SA 2te� ikx coskx � SAB

2te� iky cosky � SAB � SBD 2teikx coskx � SAB ! + � � SB

1

C
C
C
C
A

(5.43)

where eachS depends on ! , and kx ! kxa, ky ! kya. G0;latt ;# is similar , with SA $ SB

and SAC $ SBD .

Moving on to self-consistency conditions, there are two �llings (nA" = nB# and

nB" = nA#) which must be the samefor the impurity (c.f. Eqn 5.31)and lattice (Eqn 5.32,

with Glatt from Eqn 5.43). For the quasiparticle residue conditions , we use Eqn 5.23to

determine

V2
A + V2

AC + 2V2
AB = 2t2ZB ; V2

B + V2
BD + 2V2

BA = 2t2ZA ;

VBA(VA + VAC) + VAB(VB + VBD) = t2ZAB ;

2V2
AB + 2VAVAC = 0 and 2V2

BA + 2VBVBD = 0 ; (5.44)

where ZA ,ZB and ZAB are elementsof the Z matrix, labelled similarly to above; this set

of equations is identical whether derived for " or # spins. Notice that we cannot now
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chooseVAB = VBA = 0 aswe did for the 2 � 1 cluster.

Counting up, the problem is still underspeci�ed: there are eight parameters (� A , � B,

VA, VB, VAB, VBA, VAC and VBD) but only seven self-consistency conditions (nA , nB

plus �ve in Eqn 5.44).Wearbitrarily chooseVAB = VBA; whilst there is no physical jus-

ti�cation for this, we have just constrained the bath slightly more, and self-consistent

solutions remain valid. In practice self-consistency is possible with this constraint, and

moreover dif ferent relationships such as VAB = � VBA could produce the sameresult-

ing state, indicating the choice really is somewhat arbitrary .

The last two equations of Eqn 5.44are not dependent on any self-consistent quan-

tities (i.e. Z) and thus constrain the impurity model from the outset — the equations

are satis�ed by choosing VAC = � V2
AB=VA and VBD = � V2

BA=VB. The �nal number of

degreesof freedom is thus �ve (plus one for ntotal and � ), a number easily manageable

computationally .

Expressions for the energy of a solutio n and quasiparticle Green's functio ns may

be produced straight forwar dly, similarly to the previous section (§5.3.1),making use

of Eqn 5.36and Eqn 5.43.The expressionsare too long to quote, but it is worth noting

JOJy =

0

B
B
B
B
@

1 eikxa eikxa+ ikya eikya

e� ikxa 1 eikya e� ikxa+ ikya

e� ikxa� ikya e� ikya 1 e� ikxa

e� ikya eikxa� ikya eikxa 1

1

C
C
C
C
A

; (5.45)

which is to be used in Eqn 5.11 to calculate quasiparticle Green's functio ns. We can

determine the momentum dependences that are permitted within the lattice Green's

function: 4 its denominator is made up of a linear combination of the �ve functions

n
cos2 kxa+ cos2 kya;

�
cos2 kxa � cos2 kya

� 2
; cos2 kxacos2kxa+ cos2 kyacos2kya;

coskxacoskyacos(kxa+ kya); coskxacoskyacos(kxa � kya)
o

; (5.46)

the coef�cient of eachbeing ! -dependent. Theseconstitut e the shapeof the dispersion

for a single RBZ only (the �rst RBZ is the small square extending to k = (� =2a; � =2a),

c.f. Fig. 5.5(b)).

The phase diagram and details of the ground state spectral functio ns for quad-

cluster two-sit e DMFT are presentedin Chapter 7.
4For comparison with the pair -cluster lattice Green's function case, see the discussion following

Eqn 5.35.
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Next-nearest-neighbour hopping

A next-nearest-neighbour t0 term in the lattice Hamiltonian allows study of the ef-

fects of geometrical frustrat ion and changes in Fermi surface shape, and in particu-

lar separates half-�lling from the van Hove points. In this section I shall describe

how such a term can be implemented within two-site quad-cluster DMFT. The t0 al-

lows hopping diagonally on the square lattice, so that each site is additionally con-

nected to four other sites on the samesublattice. The remaining zero off-diag onal ele-

ments of the non-interacting lattice Hamiltonian, Eqn 5.36,becometerms with a form

� 2t0eikxa+ ikyacoskxacoskya, and its eigenstates(providing the bare dispersion) are of

the form � 2t(coskxa+ coskya) � 2t0coskxacoskya, with changesof sign for coskxaand

coskyaasEqn 5.37.Calculations of the lattice Green's function, and hencelattice �lling

and quasiparticle Green's function must be altered to include these terms, although J

remains the sameaspreviously.

The non-interacting part of the impurity Hamiltonian has extra terms similarly , be-

coming

H0;imp =

0

B
B
B
B
@

0 � t � t0=2 � t

� t 0 � t � t0=2

� t0=2 � t 0 � t

� t � t0=2 � t 0

1

C
C
C
C
A

(5.47)

(note that an actual hopping of t0=2 gives the conventional de�nition of t0 with com-

plete frustration at t0= t). The self-consistency conditio ns for the reduced implemen-

tation (Eqn 5.44)are slightly altered, becoming

V2
A + V2

AC + 2V2
AB = 2t2ZB + 3

4t02ZA + 2tt0ZAB

V2
B + V2

BD + 2V2
BA = 2t2ZA + 3

4t02ZB + 2tt0ZAB

VBA(VA + VAC) + VAB(VB + VBD) = (t2 + 1
4t02)ZAB + 1

2t0t(ZA + ZB) (5.48)

(the conditions that do not involve Z are unaltered).

5.4 Summary

Extending dynamical mean-�eld theory to cluster DMFT allows lattice geometry to

play a rôle, so that magnetic phasesmay be compared consistently, and quantities are

permitted a momentum dependencebeyond that of the non-interacting dispersion —

the theory is no longer restricted to in�nite dimensions. Although cluster DMFT does

not necessarily provide a rigor ous extension to a �nite number of dimensions, it is an
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impr ovement upon DMFT, and the exact limit of in�nite cluster size is approached.

The self-consistency can be regarded as a rather sophisticated boundary conditio n on

a cluster, which becomesincreasingly unimportant as the cluster size is increased.

In this chapter, I have described cluster DMFT in detail, and presentedfor the �rst

time a combinatio n of two-site DMFT with cluster DMFT. The easeof solving the two-

site DMFT equations means that cluster DMFT can be studied in reasonabletime on

a moderately-speci�ed computer. Two-site cluster DMFT cannot generically provide

enough constraints for all its input parameters, and in general we need to choosedeg-

reesof freedom to discard. We are already work ing in a reduced subspaceof solut ions

to DMFT, so this is acceptable: there are already types of solutions which cannot be

represented.

I have concentrated on two dif ferent shapes of small cluster. First, a 2 � 1 pair-

cluster, as a minimum representation of a bipartite lattice, which has the potential to

exhibit ferromagnetic, antiferr omagnetic, ferrimagnetic and charge-ordered phases;re-

sults are presentedin Chapter 6 and have beenpublished [16]. Second,a 2 � 2 cluster

formulation was described, necessarysince the reduced symmetry of the 2 � 1 cluster

produces artifact s. Such a quad-cluster has the potential to exhibit a wealth of sym-

metry broken phases(such as a spontaneous current around a plaquette), but I have

restricted calculations to a minimal representation of antiferr omagnetism, which hasa

more manageablenumber of degreesof freedom. Results for this cluster will be pre-

sented in Chapter 7.

There are endless possibilities for extending the work presentedhere. The cluster

size could be increasedand the model still remain solvable in a reasonabletime. Two-

site cluster DMFT could form the kernel of more advanced DMFT calculations, such

as including orbit al degreesof freedom to model real materials. And alternatively to

such approachesfocused on extending DMFT, two-sit e cluster DMFT could be used

asan superior alternative to simple periodic boundary conditio ns for any many-body

calculation on a �nite-sized cluster.

92



Chapter 6

RESULTS: 2 � 1 PA IR-CLUSTER

Vér skulum gera elda þrjá. Skuluð þér heiðnir

menn vígja einn en eg annan en hinn þriðji

skal óvígður vera. En ef berserkurinn hræðist

þann einn eldinn er eg vígi en veður hina báða

þá skuluð þér taka við trú.

Weshallkindlethree�r es. Youheathenareto

hallow oneof the�r es, I shallhallow thesecond,

andthethird �r eis to remainunhallowed.If the

berserk is afraid of the�r eI hallow, but walks

unscathedthrough your �r e,thenyou must accept

thenewfaith.

N JA L' S SA GA [111]
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6.1 Introduc tion

The previous chapter contained a descriptio n of the theory for two-site pair-cluster dy-

namical mean-�eld theory (§5.3.1),which is probably the simplest possible implemen-

tation of dynamical mean-�eld theory that can handle antiferr omagnetic order con-

sistently. This chapter presentsresults of a detailed investigat ion with this model of

the phase diagram and quasiparticle properties of the single band Hubbard model

(Eqn 1.1)on a square lattice. The work hasbeenthe subjectof a recentpublication [16].

At each point in the Hubbard model parameter space(U ; n), there are in general

several self-consistent solutio ns; locating these solutio ns initially is not straight for-

ward. Often one must resort to beginning the self-consistency procedure with random

(but sensible) bath parameters. Subsequently the parameters can seed the procedure

for neighbouring points. When the full extent of eachsuch phasehas been found, the

phase diagram is constructed by comparing the energy of every phase at each (U ; n)

and identifying the ground state.

There are several physical features which may then be used to distinguish the

phases. First, the magnetic order — the pair-cluster can support paramagnetism, fer-

romagnetism, antiferr omagnetism and ferrimagnetism. There are, however, phases

with the samemagnetic order that are distinct , and thesemust be distinguished with

referenceto the spectral function A(k ; ! ). From this we can calculate, for example, the

electron density acrossthe Brillouin zone nk , from which the Fermi surfaceis visible, or

the local density of states. Analysing thesequantities may lead to physical interpr eta-

tions of eachof the phases,giving insight to the important physics. Mor e importantly ,

expectedexperimental quantities can be calculated and comparison can be made with

experiments such as photoemission spectroscopy. The two-site cluster DMFT method

hasthe huge advantage that any such quantity canbecalculated quickly and easily. We

will beable to seecomplete details of a truly interacting system;we arenot constrained

to start out with a system with a Fermi surface, for instance,and could investigate how

a Fermi surface could distor t or even vanish, and what characterizeswhatever is left

behind.

In the next section (§6.2) I shall detail the phase diagram for two-sit e pair-cluster

DMFT, and give the quasiparticle properties of each phase in terms of the spectral

function A(k ; ! ), density of states � (! ) and electron �lling nk , objectively and with-

out reference to the detailed theory behind the calculations (for this, seeChapter 5,

§5.3.1). I shall discuss these results more subjectively in §6.3,providing an physical

interpr etation for each of the phases, and discussing a number of important issues.

I shall compare with other theoretical models and relevant experiments. The results
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give important insights into the Mot t transition when antiferr omagnetism is present

— �nally combining Slater's approach to the metal-insulator transitio n with that of

Brinkman–Rice — and also into the strange pseudogap phaseof the high-temperatur e

superconducting cuprate materials.

6.2 Phasediagram

The 2D Hubbard model on a square lattice is investigated within two-site pair-cluster

DMFT, for the Hubbard repulsion in the range 0 � U=t � 30,and electron �llings 0:75 �

n � 1, where 1 is half-�lling. Within the calculations (seealso Appendix C), densities

of states(to integrate for the electron �lling or to plot spectral quantities) are evaluated

as the imaginary part of a lattice Green's function with an analytic continuat ion ! !
! + i � ; typically � � 0:005t. k-spacesums are carried out with K = 120points across

the Brillouin zone; the results are not sensitive to changesin either of theseparameters.

The ground state phase diagram is shown in Fig. 6.1. Fillings above n = 0:98 are

ignored since the k-spaceresolution is insuf �c ient to give an accurate representation

of the Fermi surface here, except at exactly half-�lling where this is not an issue. For

n > 1 the results will be the same(n ! 2 � n), since the model is particle-hole symmet-

ric; and outside the region shown, the phaseboundaries are expectedto continue with

little change. Self-consistent solutions for charge-ordered and ferrimagnetic phases

were present, but never energetically favour ed. Fig. 6.2(a)shows the variation of the

quasiparticle weight z across the phasediagram, which is still very similar to the sim-

ple two-site DMFT pictur e of Fig. 4.3.

The phase diagram is demarcated by the regions where two dif ferent symmetries

are each broken. First, antiferr omagnetism is prominent, and there are three sepa-

rate phaseswith this order. Fig. 6.2(b) shows how the sublatt ice magnetization varies

acrossthe phasediagram; the variation is comparable with that of non-cluster two-site

DMFT (Fig. 4.8),and the extent of antiferr omagnetism again very much lessthan that

predicted by Hartr ee–Focktheory. The boundary between phase (b) and phase (c) is

a second-order phase transit ion, in contrast to all the other boundaries which are �rst

order and show a jump in magnetization — owing to a dif ferent phase becoming the

ground stateat that point.

Second, there is a breaking of x-y symmetry, which is like a Pomeranchuk in-

stability , and can lead to quite severe Fermi surface distor tions. Phases(b) and (c)

have such a distor tion, although all phases exhibit a slight distort ion at very high

U. The non-interact ing model should exhibit a non-distort ed Fermi surface, and in-

deed in phase (b) at very small U there is a smooth increasein the deviation from
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Figure 6.1: Ground state phase diagram (U=t;n) for the 2D Hubbard model within two-site pair -cluster DMFT.
Distinct solutions are dif ferent colours, and labelled (a) paramagnetism, (b) distor ted paramagnetism, (c) distor ted
antiferr omagnetism, (d) and (e)antiferr omagnetism, and (f) ferromagnetism. At exactly half-�lling the ground state
is an antiferr omagnet the sameasphase(e). Thesephasescharacterized further in the text, and detailed spectrawill
be presentedfor the numbered points.

(a) (b)

Figure 6.2: (a) Quasiparticle weight z (sublattice averaged) and (b) sublattice magnetization jn" � n#j asa function
of (U ; n) for the ground statesolutions of two-site pair -cluster DMFT. The quasiparticle weight behavessimilarly to
pur e two-site DMFT (Fig. 4.3). In (b) ferromagnetic order is representedby a negative magnetization.
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Figure 6.3: The arrow indicates the path (0; � ) ! (0; 0) !
(� ; 0) ! (� ; � ) ! (0; 0) taken in k-space, that is used to
present cross-sections of the spectral function and the
electron �lling.

symmetry. Quantitat ively, we can de�ne a r.m.s. deviation, D, as a normalized sum

D2 = å
� =a
k= 0 [n(k;0) � n(0;k)]

2, which can be used to de�ne a phaseboundary correspond-

ing to D � 0:1 (an arbitrary choicewhich makes little dif ference);this reachesU � 0:5t

at n = 0:83. In contrast, the horizontal boundary between phases (a) and (b) corre-

sponds to a �rst order transit ion with a jump in energy, as the distort ed solut ion does

not exist below n � 0:83. Points 3, 5, 6, 8 and 9 (c.f. Fig. 6.1)provide a comprehensive

pictur e of the effects of the distort ion, and the phenomenon will be discussed in detail

in §6.3.4.

I shall now presentdetails of the nine example points indicated in Fig. 6.1,by means

of dif ferent perspectives on the spectral function A(k ; ! ), which is the imaginary part

of the quasiparticle lattice Green's functio n (Eqn 5.35),at a small analytical continua-

tion ! ! ! � i � . When antiferr omagnetic symmetry is broken, values of k plotted in

the second reduced Brillouin zone (RBZ) actually represent the second band of quasi-

particles from the �rst Brillouin zone, i.e.at k � (� ; � ).

The spectral functio n will be plotted dir ectly, as a density plot with darker regions

indicating greater spectral weight, along a cross-section following the path across the

Brillouin zone shown in Fig. 6.3. The path includes the (0; � ) section in addition to the

(� ; 0) section in order to illustrate the x-y symmetry breaking. To visualize features

like the Fermi surface, a density plot of the electron �lling across the Brillouin zone,

nk =
R0
�1 d! A(k ; ! ), is shown as a density plot. The scale 0 1 is used, so that

regions �lled with electrons appear dark; a Fermi surface follows the discontinuities

in nk , so the graph for non-interacting free electrons would be a sharply demarcated

black circle. In some casesI also show nk as a cross-section along the path of Fig. 6.3,

similarly to the spectral function. The �nal quantity presented is the local density of

states� (! ) = å k A(k ; ! ). All thesequantities are normalized appropriately and, unless

stated otherwise, have beenaveraged over both sublatt ice and spin.
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6.2.1 Point 1: Paramagnetism at weak interacti ons

Point 1 (at U = 2t, n = 0:82,seegraphs in Fig. 6.4),lying in phase(a), illustrates a con-

ventional paramagnetic metal. A clear Fermi surface is visible: there is a discontinuit y

in nk at the places where the dispersion crossesthe chemical potential (i.e. ! = 0),

and here nk jumps from almost unity to zero. A few �at (i.e. local) features in the

spectrum show an initial signature of U. The density of statesis almost the typical 2D

tight-binding dispersion, with step-function edgesand a singularit y at the van Hove

point.
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Figure 6.4: Point 1 (U = 2t, n = 0:82). Paramagnetism with weak interactions; see§6.2.1for discussion.
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6.2.2 Point 2: Paramagnetism at strong interactions

Point 2 (U = 20t, n = 0:8, seegraphs in Fig. 6.5) illustrat esa solutio n at a much greater

interaction strength. Phase(a) is still a conventional metallic paramagnet, but effectsof

the local interaction have a signi�cant effect and the metal is becoming “worse”. The

quasiparticle residue z of two-site DMFT has dropped — from z = 0:972at U = 2t to

z = 0:321at U = 20t, seealsoFig. 6.2(a)— and in nk a signi�cant reduction of the Fermi

surface discontinuit y re�ects this; the graph is taking on the curved form expected

from Fermi liquid theory [4], and spectral weight is becoming distribut ed uniformly

across the Brillouin zone, re�ecting the local nature of the Hubbard U interaction. A

very slight Pomeranchuk distor tion is present.

In the density of states,upper and lower Hubbard bands can be seentogether with

a central quasiparticle peak. This peak is heavily renormalized (with a bandwidth of �
3t, reduced from the non-interact ing bandwidth of 8t), and the spectral functio n shows

a �attened dispersion: the quasiparticles have become much heavier. The Hubbard

bands have characteristics that re�ect the non-interact ing dispersion.
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Figure 6.5: Point 2 (U = 20t, n = 0:8). Paramagnetism with strong interactions; see§6.2.2for discussion.
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6.2.3 Point 3: Paramagnetism with a distorted Fermi surface

Point 3 (U = 2t, n = 0:9, seegraphs in Fig. 6.6) lies within the distorted paramagnetic

phase. The distor tion of the Fermi surface, discussed in detail in §6.3.4,is clear in the

graph of nk , and in the spectral functio n the anisotropy is apparent in the x and y

dir ections. Antiferr omagnetic �uctuations (c.f. §6.3.1and §6.3.3)are beginning to play

a rôle: in nk a ghost Fermi surface displaced by (� ; � ) is visible, gaps are appearing in

the density of states,and re�ected bands are apparent in the spectral functio n.

6.2.4 Point 4: Weak ferromagnetism

Enclosed within the distorted paramagnetic phase(b) is a small patch of low moment

ferromagnetism, phase(f). Here the system is exploiting the soft Fermi surfacenear the

van Hove points (c.f. §6.3.4and Ref. [112]), and the Fermi surface for one spin species

distorts more than the other. We believe this phase to be an product of the increased

distortio n tendency causedby the asymmetry of the 2 � 1 cluster.
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Figure 6.6: Point 3 (U = 2t, n = 0:9). Paramagnetism with a distor ted Fermi surface;see§6.2.3for discussion.
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6.2.5 Point 5: Paramagnetism with hole pockets

Increasing either the number of electrons or the interaction strength increasesthe dis-

tortio n that was seen at Point 3, which has a dramatic effect by the time Point 5 is

reached(U = 5t, n = 0:83, seegraphs in Fig. 6.7). Where the distort ed Fermi surface

hits the reduced zone boundary at (� =2; � =2), it vanishes: nk shows a continuo us de-

creasewithout a characteristic Fermi surface discontinuity (Fig. 6.7(d)). The remaining

sections of Fermi surface are closed into hole pockets (visible in Fig. 6.7(c))by a line

with very small quasiparticle weight. This line has an origin connected with the anti-

ferromagnetic �uctuations , asit comesfrom the (� ; � )-displaced “ghost” Fermi surface

mentioned above. The ghost Fermi surface is a feature of a ghost dispersion (c.f. the

spectrum in Fig. 6.7(a)near (� ; � )), which hybridized with the original dispersion. This

createdagap, which is alsoapparent in the density of states.Further interpr etation and

the experimental relevanceof thesephenomena are discussed in §6.3.3below.
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Figure 6.7: Point 5 (U = 5t, n = 0:83). Paramagnetism with hole pockets; see§6.2.5for discussion.

105



6. RESULTS: 2 � 1 PA IR-CLUSTER PH A SE DIA GRA M

6.2.6 Point 6: Antiferr omagnetism with hole pockets

On increasing the interaction strength from Point 5, there is a second order transit ion

to an antiferr omagnetic ground state, phase (c). There is virtually no change to any

properties of the state apart from the broken magnetic symmetry. Point 6 (U = 8t,

n = 0:9, seegraphs in Fig. 6.8) lies well within phase (c), where increasedU and n are

having more effect. The hole pockets have shrunk, but the vague outer line orig inating

from the ghost Fermi surface has increasedin visibility : the whole pocket appears in

Fig. 6.8(c),and a secondstep upwar ds can be seenin the nk cross-section in Fig. 6.8(d).
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Figure 6.8: Point 6 (U = 8t, n = 0:9). Antiferr omagnetism with hole pockets; see§6.2.6for discussion. The density
of states is plotted separately for each of the two sublattices, and the Brillouin zone is shown with the second
quasiparticle band of statesdrawn in the secondRBZ for convenience(the dashed line indicates the boundary).
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6.2.7 Point 7: Antiferr omagnetism at half-�lling

Point 7 (U = 5t, n = 1, seegraphs in Fig. 6.9) illustr atesthe antiferr omagnetic insulat-

ing solution at exactly half-�lling; phase(e), just off half-�lling, hasthe samecharacter.

The ghost dispersion is clearly visible, together with the gaps causedby its hybridiza-

tion with the original dispersion; in this casethe gap occurs everywhere on the Fermi

surface and causesthe material to insulate. At very large U, a slight Pomeranchuk

distortio n becomesapparent in this phase.
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Figure6.9: Point 7 (U = 5t, n = 1). Antiferr omagnetism at half-�lling; see§6.2.7for discussion. The density of states
is plotted separately for eachof the two sublattices, and the Bril louin zone is shown with the secondquasiparticle
band of statesdrawn in the secondRBZ for convenience(the dashed line indicates the boundary).
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6.2.8 Point 8: Antifer romagnetism at strong interactions with hole

pockets

Point 8 (U = 20t, n = 0:97, seegraphs in Fig. 6.10),lies in the distort ed antiferr omag-

netic phase (c) at U and n further increased from Point 6. Like Point 2 the strong

interactions have causedan even distribut ion of the electrons acrossthe Brillouin zone

(uniform grey in Fig. 6.10(c)),re�ecting the local nature of the Coulomb interaction.

The hole pockets have shrunk to small circles — indicating how the Mot t transit ion

might happen in an antiferr omagnetic material (see§6.3.2).There is a huge Slater gap,

and unlike the paramagnetic Mott gap there are only two bands: it appears as if the

central quasiparticle peak split into two magnetic bands which have fused with the

Hubbard bands.
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Figure 6.10: Point 8 (U = 20t, n = 0:97). Antiferr omagnetism at strong interactions with hole pockets; see§6.2.8
for discussion. The density of states is plotted separately for each of the two sublattices, and the Bril louin zone
is shown with the second quasiparticle band of statesdrawn in the second RBZ for convenience (the dashed line
indicates the boundary).
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6.2.9 Point 9: Antiferr omagnetism at strong inter actions

Reducing the electron �lling n from Point 8 causesthe ground state to becomean an-

tiferr omagnet of dif ferent character. This is phase(d), which Point 9 (U = 20t, n = 0:9,

seegraphs in Fig. 6.11) illustrates; it is a conventional antiferr omagnet, and originates

from the same self-consistent solutio n as phase (e).1 The density of stateshas the fa-

miliar three-peakstructure, with upper and lower Hubbard bands. The central quasi-

particle peak hasbeenrenormalized by interactio ns (like Point 2), but here it is split by

a Slater gap; in contrast to Point 8, the magnetism is occurring predominantly within

this central renormalized band rather than acrossthe whole spectrum. Theseantiferr o-

magnetic phasesare compared in more detail in §6.3.1.

1In the intervening region, right across the phase diagram, its energy is greater than that of the
ground state phase(c).
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Figure 6.11: Point 9 (U = 20t, n = 0:9). Antiferr omagnetism at strong interactions; see§6.2.9for discussion. The
density of statesis plotted separately for eachof the two sublattices,and the Brill ouin zone is shown with the second
quasiparticle band of statesdrawn in the secondRBZ for convenience(the dashed line indicates the boundary).
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6.3 Discussion

In this section I will draw together, and discuss in detail, a variety of themesemerging

from the diverse phasesdescribed above. Comparison will be made with other theo-

retical approachesin the literatur e, and relevant experimental quantities measured for

various materials. Antiferr omagnetism appearsin severaldif ferent guises,which I will

interpr et in §6.3.1.The progression across the phasediagram of various featuresgives

insight to the Mott transitio n in the presenceof antiferr omagnetism (§6.3.2).Features

have appeared which are intriguing ly similar to phenomena observed in the normal

state of the cuprate high-temperatur e superconductors, such as the pseudogap — see

§6.3.3. Finally, many phasesexhibit a Fermi surface distort ion akin to that predicted

by Pomeranchuk, which I will discuss in §6.3.4.

6.3.1 Slater antifer romagnetism

At half-�lling, the square lattice is perfectly nested: the Fermi surface is a diamond

shape and the wave-vector Q = (� � =a; � � =a) interconnects every point. In conse-

quence, the susceptibility to magnetic order diver ges for this wave-vector [113], and

an in�nitesimal local U causesan antiferr omagnetic (sublatt ice) magnetization. A gap

is formed at the Fermi energy and the state is an insulator [92] (see§6.3.2for discus-

sion of the metal-insulator transitio n). The results of the present calculation are con-

sistent with this well-established pictur e: at exactly half-�lling antiferr omagnetism is

observed (illustrat ed by Point 7, Fig. 6.9), with a moment exhibiting a similar varia-

tion with U to the Hartr ee-Fock form m / e� �= U (seefor example Ref. [114]), and very

similar to that seen in unenhanced two-sit e DMFT (Fig. 4.6(a)). Spectral features are

consistent with other studies, for example the separatehigh energy bands of Ref. [115].

However , at electron �llings dif ferent from n = 1, there is no theoretical consen-

sus. The general extent of magnetic order that we observe away from half-�lling is

vastly smaller than predictions of Hartr ee–Fock theory, and furthermor e in agreement

quantitatively with the results of more sophisticated DMFT calculations. The possibil-

ity of incommensurateorder is important off half-�lling, but cannot be representedby

our cluster DMFT approach. Our region of antiferr omagnetism is divided into several

dif ferent phases.Near to half-�lling around U = 5t, there is a phase— labelled (e) on

Fig. 6.1— that is very similar to the half-�lling solut ion, but metallic.

Further off half-�lling, phase (e) is superseded by phase (c), which similarly ex-

hibits a gap initially growing with U (for U . 8t), and also can be interpr eted as a

Slater antiferr omagnet: a weak spin-density wave transition on a metallic state (see,

for example, the mean-�eld theory of Schrieffer, Wen and Zhang [116]). At higher U,
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the gap to the �rst available statesabove � F decreasesagain, indicated the appearance

of Heisenberg-like physics (this is similar to phase(d) which will be discussedbelow).

The density of statesis quite complex (e.g.Fig. 6.8(b))and its interpr etation is dif �cult;

the various gaps are the synthesis of Hubbard and Slater gaps.

The magnetism in phase (d) is somewhat easier to interpr et: the density of states

(Fig. 6.11(b)) and the spectrum (Fig. 6.11(a)) indicate that the magnetism is appearing

as a spin-density wave transit ion — but for the renormalized quasiparticles. Just the

central quasiparticle peak is exhibiting the Slater instability seenat Point 7 (Fig. 6.9(a)

and (b)). The gap reducesasU is increased,and behaving consistently with the � t2=U

scaleexpected of Heisenberg model physics. We interpr et this phase as an antiferr o-

magnetic metal in an effective t-Jmodel, where teff � t and Jeff � t2=U. It is surprising

that J appears to play a rôle in thesematerials, when U is a much larger energy scale;

but this paradox is resolved now we seethat U setsthe scalefor the outlying Hubbard

bands, and renormalizes the quasiparticle peak such that a smaller Jeff may dominate.

Such a separation of high and low energy scalesis thought to be inherent to strongly

correlated systems[117, 118].

Finally, in the conventional paramagnetic phase (a) at higher interactio n strength,

effectsof antiferr omagnetic �uctuations becomeapparent in the proximity of antiferr o-

magnetic phases(e.g. near Point 2 but at larger n). There is a “ghost” Fermi surface,

following the original Fermi surface shifted by (� =a; � =a), similar to that visible at

Point 3 (Fig. 6.6);seealso §6.3.3.The electron liquid here could perhaps be described,

at low energies,asa nearly-antiferr omagnetic Fermi liquid. [34, 119]

6.3.2 Mott transiti on

In §3.5.1I discussed how conventional (non-cluster) DMFT was able to combine the

pictur esof Mott–Hubbard and Brinkman–Rice to help understand the Mott transition.

However , the mechanism for the metal-insulator transit ion proposed by Slater [92]

has still to be fully integrated: if the lattice is not frustrated, the transit ion to anti-

ferromagnetism will preempt any other metal-insulator mechanism [52]. The conven-

tional DMFT studies, done within a paramagnetic pictur e, thus do not concern the

true ground state,making their predictions physically doubtful (for T = 0); moreover,

to include antiferr omagnetism consistency, a cluster extension to DMFT is necessary.

One avenue of investigatio n [120,74,121, 64] is to remove the magnetic order with

frustration, commonly as a t0 next-nearest-neighbour hopping term in the Hamilto-

nian; and in Chapter 7 I will investigate someconsequencesof a t0term. Parcollet etal.

[64] conclude that �ndings of DMFT for the paramagnetic metal–insulator transit ion
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remain true. Others investigate the important question of temperature dependence

(for example, Ref. [122]). Here I concentrate on a dif ferent question: how is the Mott

insulating state approached from off half-�lling, in the presenceof antiferr omagnet-

ism?

Within my results, much of the metallic state does exhibit the characteristic three-

peak structure of DMFT, for example Point 2 (Fig. 6.5(b)), even in an antiferr omag-

netic phase (Point 9, Fig. 6.11(b), where the central peak has a Slater gap). The quasi-

particle weight decreasesacross the phase diagram regardless of the magnetic order

(Fig. 6.2(a)), indicating a trend towards an insulator at half-�lling for U & 12t (the

expected Mott transition point of � 1:5� bandwidth W = 8t). Within conventional

DMFT, the Mott transition is seenasthe central quasiparticle peak sharpening and van-

ishing, but our results provide acontrasting pictur eof the transition. The Fermi surface

breaksup into hole pockets separated by regions without free carriers (seeFig. 6.7(c)

and Fig. 6.8(c)). As U increases,the quasiparticle residue in these pockets decreases

and weight spreads across k-space, and with increased electron numbers the pock-

ets shrink (seeFig. 6.10(c))— suggesting that the mechanism for the metal-insulator

transition is the shrinking and eventual vanishing of thesepockets: at which point the

material becomesan insulator .

Importantly , the hole-pocket features exist regardless of magnetic order, and off

half-�lling — two areas where the pictur e of conventional DMFT is unclear; we see

now that this is becauseit cannot deal with k-spaceanisotropy. The phenomenon of

the Fermi surface break-up into hole pockets provides an answer to another mystery:

it describeshow a statecan transmute from a metallic statewith a Fermi surface, to an

insulating state without a Fermi surface at all.2 Additionally , we have now combined

Slater's approach to the metal insulator transitio n with the other two approaches: a

Slater gap is formed but its effects are anisotropic(seebelow).

Luttinger volume The strong correlations between electrons canbeseento behaving

a dramatic impact on the properties of the Fermi liquid: Lutting er's theorem [123],

which states that the volume contained by the Fermi surface will remain constant,

is violated for the states with a broken-up Fermi surface. Our results show that the

Luttinger volume is enclosed instead by lines where the density of electrons falls off

smoothly without the Fermi discontinuit y.
2Although our limited k-spaceresolution meansthat we cannot approach very closeto the transition,

and we do not actually seethe insulating state (except for the Slater antiferr omagnet at half-�lling).
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Cuprates In the normal state of the cuprates, the number of holes seem to charac-

terize physical properties (see,for example, Ref. [124]), which is consistent with our

pictur e of the doped Mott insulator as a state with hole pockets. Additionally , pho-

toemission observesdisconnected sectionsof Fermi surface dir ectly; this aspect is dis-

cussedfurther in the next section, and how the transitio n described above is inextrica-

bly linked with antiferr omagnetism.

6.3.3 Pseudogap formation and arc-like Fermi surfaces

We can produce a uni�ed pictur e of many of the phenomena discussedso far. Looking

carefully at Fig. 6.6(c)revealsa “ghost ” Fermi surface: low energy electron-lik e excita-

tions appearing at the position of the original Fermi surface displaced by the antiferr o-

magnetic wave-vector (� ; � ). Theseare antiferr omagnetic �uctuatio ns preceding the

magnetic symmetry breaking. Looking at the complete spectral function (Fig. 6.6(a))

reveals that this “ghost ” Fermi surface is a manifestation of a “ghost dispersion” —

the original dispersion shifted by (� ; � ), but considerably weaker, having lessspectral

weight.

Nevertheless, the ghost dispersion hybridizes with the original dispersion to give

the �nal electronic structure,giving rise to a gap in the spectrum (observable in the lo-

cal density of states).The effects of this gap depend on whether the chemical potential

� falls within it, and how the gap evolves around the Fermi surface (c.f. Fig. 6.12).For

Point 3 (Fig. 6.6), � is below the gap everywhere (c.f. line (ii) in Fig. 6.12(b)), so the

Fermi surface is similar to the non-interacting case;further out, the ghost dispersion

crossesthe Fermi level separately, and this leads to the ghost Fermi surface seen in

Fig. 6.6(c).

If, however, � is raised by increasing the �lling n, or alternatively the hybridization

gap is widened by increasing the interaction, � can fall within the gap (c.f. line (i) in

Fig. 6.12(b)).At half-�lling (seeFig. 6.9),everywhere on the Fermi surface is affected in

this way and there is a full gap, leading to an insulating state. But at Point 5 (Fig. 6.7),

the Fermi surface is distort ed, and the gap varies around the Fermi surface; the con-

sequencesare that near (� =2; � =2), � falls within the gap (seeFig.6.7(a),c.f. line (i) in

Fig. 6.12(b) again) and there is no Fermi surface here: nk falls off smoothly towards

(� ; � ), re�ecting the reduced weight in the ghost band.

This gap is a pseudogapbecausethere are other dir ections in which a well-de�ned

Fermi surface remains. Along the line from (0; 0) to (� ; 0) in Fig. 6.7(a), the chemical

potential still cross the original dispersion, followed by the ghost dispersion (c.f. line

(ii) in Fig. 6.12(b)). Here the ghost Fermi surface completes a closed holepocket(see
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Figure6.12:A schematicview (taken from Ref. [16]) of the origin of a pseudogap, asseenfor example in the spectral
function of Point 5,Fig. 6.7(a),near (0:8� ; 0)and near (� =2; � =2);darker lines carry morespectral weight. (a) Distinct
�uctuations on the A and B sublattices result in a second dispersion of low weight (a “ghost” dispersion). This is
formed by the folding of the origi nal, possibly renormalized, dispersion in the antiferr omagnetic Brill ouin zone
(de�ning gm). (b) Hybridization with the original dispersion forms a gap. Along dir ections in momentum space
where the chemical potential lies within the gap [line(i)], there is a full gap in the excitation spectrum and no Fermi
surface. Along dir ections where the chemical potential lies away from the gap it crosses the dispersion at two points
[line (ii)]. A hole pocket forms with low spectral weight at the secondcrossing.

Fig. 6.7(a)),althoug h with a much smaller quasiparticle residue than the original line,

and the dominant feature is the arc-lik e remnant of the original Fermi surface. Hy-

bridization with the ghost dispersion provides an intuitive explanation for origin of

the hole pockets discussed in §6.3.2.

Chubukov [125, 126] �rst gave the argument detailing how hybridization with a

(� ; � )-shifted dispersion could give rise to hole pockets. In common with other studies

in the literature, an initial �nitesimal t0 is required in the dispersion to generate an

overlap with the ghost Fermi surface. Our calculations provide, novelly, a mechanism

for the formation of pockets without such a parameter; one way of thinking about it is

that the SAB term provides an effective, if asymmetrical, t0.

The features described above are reminiscent of cuprate high-temperatur e super-

conductors in their normal state, which are believe to have a Fermi surface consisting

of arc-like segmentsseparatedby pseudogap regions [125,127, 128]. There are impor -

tant dif ferences,however, between our results and what is seenin the cuprates, most

signi�cantly in the position of the arcsand the pseudogap regions. In the cuprates the

Fermi surface arcs are seenat (� =2; � =2) but appear near (0:7� ; 0) in our calculations,

and the pseudogap occurs near (� ; 0) in the cuprates but near (� =2; � =2) in our calcu-

lations. However , our small cluster severely constrains the momentum dependenceof

all quantities, and aswill bediscussedin the next section, the 2 � 1cluster cannot admit

the d-wave symmetry observed in the cuprates but only s- and p-wave con�gurat ions,

which means for example that arcing can only happen near the van Hove points such

as (� ; 0). Chapter 7 contains the results of calculations with a four site (2 � 2) cluster

which permits d-wave symmetry, where a detailed comparison with the physics of the
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cuprates will be made.

6.3.4 Pomeranchuk instability

It is the Fermi surface distor tion that enablesthe emergenceof pseudogap physics dis-

cussion in the previous section, and in this section I will discuss this distor tion in more

detail. The breaking of x-y symmetry is apparent in the nk electron density plots, and

also through dif ferencesbetween the (0; � ) and (� ; 0) segments of the spectral func-

tion. Across the phase diagram (see§6.2), its effect ranges from a small distort ion —

at Point 3, seeFig. 6.6(c),and in all phasesat high U, seee.g.Fig. 6.11(c) — through to

underlying the dramatic break-up of the Fermi surface into hole pockets discussed in

the previous section. Without the distort ion, the Fermi surface could not overlap with

itself until diamond-shaped, when the hybridization createsa Slater insulating anti-

ferromagnet. Pomeranchuk [129] �rst showed that a Fermi liquid could be unstable

to a distor tion of its Fermi surface. In more recentyears such an effect has been found

within somerenormalization group calculations, for example Refs[130,131],3 although

its existenceremains controversial. Experimentally , it has very recently proposed that

Sr3Ru2O7 near quantum critical point [132] might exhibit signs of a ferromagnetic dis-

tortio n similar to phase(f) here.

The physical basis for the possibilit y of distor tion is the �atness of the dispersion

near the van Hove points: the system canexploit the reduced Fermi velocity, and move

electrons from (� ; 0) to (0; � ) with little energy penalty. Similarly , in a phenomenolog-

ical Fermi liquid model, Metzner [112] regards the Pomeranchuk instability as an im-

portant manifestation of a “soft” Fermi surface in strongly correlated system, which

is unusually susceptible to many sorts of �uctuations. Thesemight include those in-

vestigated by Schultz [133], and those causing non-Fermi liquid behaviour such asthe

marginal Fermi liquid described in Chapter 2. Mor eover, the peculiar patch of ferro-

magnetism constituting phase (f) of our phase diagram, is a further manifestation of

such a soft Fermi surface.

However , before drawing de�nitive conclusions we should note that a small cluster

means that there are severe restrictions on the Fermi surface shape. Looking at the

pair-cluster quasiparticle Green's functio n in Eqn 5.35, the only shapes possible are

the original dispersion � k , and � k coskxa which gives rise to the lemon-shaped Fermi

surfaces. The latter can only permit changes with opposite sign at (� ; 0) and (0; � ),

which meansthat if the Fermi surface hasan inclination to distort, it can only do so by
3Competition with antiferr omagnetic order is of concern to these authors; our calculations success-

fully addressthis issue.
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breaking x-y symmetry in this way. The arcs (for example) discussed in the previous

section can only appear in one place, within the cluster formulat ion.

Our model hasbroken x-y symmetry from the outset, becauseof the choiceof 2 � 1

shapefor the cluster, and this meansthat the tendency to distor t will be enhanced;we

cannot at this stage disentangle whether the phenomena described above are an arti-

fact, or whether the Pomeranchuk distort ions will still occur without the initial broken

symmetry, or when other shapes are permitted. In Chapter 7, the cluster approach

is extended to a 2 � 2 cluster, that preservesx-y symmetry and allows higher order

distortio ns.

6.4 Summary

Within two-site pair-cluster DMFT, a decent phasediagram of the square lattice Hub-

bard model could be produced, which is much more satisfactory than the result from

plain two-site DMFT. Even the small amount of momentum dependencepermitted by

a cluster consisting only of a pair of sites gave considerable insight into a variety of

physical phenomena that many researchers are interested in.

The ground statephasediagram was divided into regions de�ned by two dif ferent

kinds of symmetry breaking. First, magnetic symmetry: there was a region of anti-

ferromagnetism which extends off half-�lling to a band �lling of 0:8, in good agree-

ment with other modern approaches.Second,some phasesexhibited a Pomeranchuk

instability , where x-y symmetry is broken and the Fermi surface distort s. I have in-

vestigated the quasiparticle properties of each phase in detail, utilizing the complete

spectral function that our technique allows accessto, and referencewas made to exper-

imental quantities. Interpr etations were given, although theseare just one angle: there

is a large amount of data available, and many alternative possibilit ies for analysis.

This investigation led to insights into several puzzling features of the Mott metal-

insulator transitio n and how antiferr omagnetism, proximit y to van Hove points, and

formation of the Mott gap competewith one another; all play a rôle in various regimes.

The van Hove point means that the Fermi surface becomessoft, and can distor t even

at low U. Nesting causesSlater antiferr omagnetism near half-�lling, which can have

some quite complex features. The Mot t gap becomessigni�cant at high U, but at the

same time t-J model physics can be important through a small Slater gap in a highly

renormalized quasiparticle band.

We saw also how the Mott metal-insulator transitio n might be approached, even

within a magnetically ordered state: the Fermi surface evolves from a renormalized

Fermi liquid obeying Lutting er's theorem, to a pseudogap statewhere a gap opens on
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some parts of the Fermi surface,breaking it up into hole pockets separatedby regions

without free carriers. Thesepockets have a strongly momentum-dependent spectral

density, being dominated by Fermi arcs, sections of the original Fermi surface. The

Mott transit ion to an insulating state occurs by means of these pockets shrinking to

points and vanishing: patterns in k spaceare absolutely essentialfor understanding it.

Many of these features, especially the pseudogap and the existenceof Fermi arcs,

are highly suggestive of features observed in the normal state of the cuprate super-

conductors. However , the detailed match is not identical, and many features of the

phasesre�ect the restrictions of the 2 � 1 cluster. The only distor tions permitted will

break x-y symmetry, and features are only allowed at certain places in the Brillouin

zone; and it is not known if the distort ions are real, but an over-emphasized artifact of

the broken cluster symmetry. In the next chapter I will addresstheseissueswith a 2 � 2

cluster, which can permit the broken symmetries necessaryto emulate the cuprates:

increasing the cluster size allows accessto higher Fourier components of the Fermi

surface.

Still, the inclinations observed in the model are illuminating. The self-consistency

procedure tried to drive electrons around the Fermi surface, exploiting the van Hove

points — and this action was energetically favourable. We have also gained intuition

on the formatio n of hole pockets and pseudogaps via hybridization, for example —

useful progress, whether or not the details are correct. We achieved our aim of a quick

investigation of featuresof the phasediagram and gained at the sametime a surprising

amount of other information.
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Chapter 7

RESULTS: 2 � 2 QUA D-CLUSTER

Ant and Beewr ote the shopping list on a piece

of paper that was square and �at .

A N GELA BA N N ER

Ant andBeegoShopping[134]
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7.1 Introduc tion

In this chapter I presentthe phasediagram of the square lattice Hubbard model under

two-sit e quad-cluster DMFT, where a cluster that consists of four sites arranged in

a 2 � 2 plaquette is used in combination with the “two-sit e” reduction of the DMFT

self-consistency conditions (Chapter 4). The theory underlying the calculations was

presented in Chapter 5 in §5.3.2. Chapter 6 investigated two-sit e pair-cluster DMFT,

involving a 2 � 1 site cluster, and this chapter follows much the samepattern, but for a

cluster double the size instead.

Much of the 2 � 1pair-cluster phasediagram consisted of phaseswhere x-y symme-

try was broken and the Fermi surface had undergone a Pomeranchuk distortio n, but it

was not clear if this was just an artifact of the cluster shape.The cluster studied in this

chapter is the simplest cluster that can representantiferr omagnetism without breaking

x-y symmetry from the outset, but the implementation is somewhat restricted and can-

not support broken x-y symmetry and so answer the question of whether the Pomer-

anchuk instability was real. However , what we wish to investigate instead is whether

similar physical phenomena happen to those seen in the 2 � 1 cluster. For example,

Chapter 6showed how the Pomeranchuk-distorted Fermi surfacecould hybridize with

itself and form hole pockets; we would like to know if a tetragonal distort ion, permit-

ted by the 2 � 2 cluster, is also favour ed. This would be likely to give hole pockets in

the vicinity of (� =2; � =2) in the Brillouin zone, which would correspond better with

observations of the normal stateof the cuprate high-temperature superconductors.

As in Chapter 6, we explore the U-n phase diagram (see §7.2), identifying the

ground state phase at each point. Much of the phase diagram indeed turns out to

consist of phaseswith hole pockets near (� =2; � =2),but thesephasesaregenerally anti-

ferromagnetic, whereasthe normal state of the cuprates is paramagnetic. There does

exist a paramagnetic phase with hole pockets, but it is never energetically favour ed.

So, to encourage this phase, a negative next-nearest-neighbour hopping term (t0) is

added to the model (c.f. §5.3.2),which also means that the observed cuprate Fermi

surface shape is better matched. A furt her advantage of studying such a geometrically

frustratedmodel is that the effects of half-�lling and the van Hove point are separated

from eachother, and now occur at dif ferent band �llings. The most part of this chapter

(§7.3) is devoted to investigating the phase diagram when t0 = � 0:5t (note that t0 is

de�ned here so that t0= � t corresponds to full frustration).

The quad-cluster U-n phase diagram for t0 = � 0:5t is presented in §7.3.1and its

general trends and featuresdiscussed, including the broad effects of the next-nearest-

neighbour hopping term. Various representations of the spectral functio n (electron
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Figure 7.1: Ground state phase diagram (U=t; n) for the 2D Hubbard model within two-site quad-cluster DMFT,
with t0= 0. Distinct solutions are dif ferent colours, and labelled PM (conventional paramagnetism), AFM (con-
ventional antiferromagnetism), AFM- � and AFM- � (both antiferr omagnetism with hole pockets). Small gaps were
tidied up. The hatched region is discussedin the text.

�lling plus spectral density at the Fermi level across the Brillouin zone, cross-sections

of the spectral functio n, and the local density of states) provide a detailed descrip-

tion of eachof the phases: there are two paramagnetic phases(§7.3.2and §7.3.3)and

threeantiferr omagnetic phases(§7.3.4and §7.3.5).The physical phenomena observed

in thesephasesare then discussedand interpr eted (§7.4).Comparisons are made with

the conclusions from the pair-cluster model of §6.3, and also with a selection of ex-

perimental observations in the cuprates — particularly the pseudogap and the arc-like

Fermi surfacesobserved by angle-resolved photoemission spectroscopy (ARPES).

7.2 Results (t0= 0)

Fig. 7.1 shows the phase diagram for two-site cluster DMFT with no next-nearest-

neighbour hopping (t0= 0); the underlying model is the sameasfor the phasediagram

of Chapter 6 (Fig. 6.1),but the 2 � 2 cluster is used in place of the 2 � 1 cluster. The ex-

tent of antiferr omagnetism is very similar , but the results dif fer in terms of symmetry

in momentum space. The 2 � 1 cluster phase diagram exhibited a large region where

x-y symmetry is broken, both in the antiferr omagnetic region and continuing in to the

adjoining paramagnetic region at low U. In contrast, our 2 � 2 cluster formulatio n can-

not support such symmetry breaking; in §5.3.2I described how only antiferr omagnetic

con�gurat ions are permitted, and so bonds in the x dir ection and the y dir ection have

to be identical. Instead, most of the antiferr omagnetic region of the 2 � 2 cluster phase

diagram is dominated by phasesdistor ted dif ferently, and asdramatically , in momen-

tum space:the Fermi surface vanishes near (� ; 0) and equivalent points, and folds into

four hole pockets centred at (� =2; � =2) etc. Thesetwo contrasting types of symmetry
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Figure 7.2: A set of non-interactin g Fermi sur-
facesfrom a dispersion � k = � 2t(coskxa+ coskya�
0:5coskxacoskya) (t0= � 0:5t), at four dif ferent elec-
tron �llings n = 0:66; 0:78;0:9; 1.

Figure7.3: The arrow indicates the paths (0; 0) ! (� ;0) !
(� ; � ) ! (0; 0) and (� ;0) ! (0; � ) that are taken in k-space,
used to present cross-sections of the spectral function.
Also shown is a Fermi surface from Fig. 7.2 at n = 0:9,
showing its (� ; � ) displacement (dashed) and the hole
pocket regions (shaded).

breaking are discussedfurther in §7.4.2.

There are in fact two phases (AFM- � and AFM- � ) with this type of distort ion,

which are dif ferentiated by the precisedetails of their Fermi surfaceshape— although

they are exceedingly close in energy. The phasesof the same name in the following

section (§7.3.1)are the same,and their propert ies shall be discussed furt her there (see

Fig. 7.10and Fig. 7.9for AFM- � and AFM- � respectively). At high U, the site energies

in the impurity model begin to diver ge, and solutions are numerically dif �cult to �nd;

this region is shown hatched in the phasediagram. There is an additional small patch

of antiferr omagnetism near half-�lling at U � 3 that has more conventional character,

the same as phase (e) of Fig. 6.1. Ferromagnetism is not permitted by the reduced

quad-site implementation.

7.3 Results (t0= � 0:5t)

Intr oducing next-nearest-neighbour hopping (c.f. §5.3.2)adds a further dimension to

the phasediagram parametrized by t0. There will no longer be a n ! 2 � n symmetry,

but the halves are mirr ored for t0 ! � t0; e.g. n > 1 with t0 > 0 is the same as n < 1

with t0< 0. I shall concentrate upon the caset0= � 0:5t, leading to a non-interact ing

dispersion � k = � 2t(coskxa+ coskya � 0:5coskxacoskya). This value is close to the

ARPESbest �t Fermi surface shape [44] wherein t0= � 0:550t. The van Hove point is

separated from half-�lling and now residesnear n = 0:78,as shown in Fig. 7.2,which

illustrates the non-interact ing Fermi surface for this dispersion at various �llings.
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7.3.1 Phasediagram

Fig. 7.4shows the phasediagram for two-sit e quad-cluster DMFT with t0= � 0:5t. The

extent of antiferr omagnetism hasincreasedto n = 0:74,compared to n = 0:8with t0= 0;

and again there are several dif ferent antiferr omagnetic phases,all of which exhibit the

tetragonally- distorted Fermi surface with four hole pockets mentioned above. Two of

thesephasesare the AFM- � and AFM- � phasesobserved at t0= 0; there is additionally

a thir d phaselabelled AFM- 
 which hasno t0= 0 equivalent. A further dif ferencefrom

t0= 0 is the emergenceof a small patch of paramagnetism (� -phase)with a similar hole

pocket Fermi surface; this phaseexisted at t0= 0 but was never energetically favour ed.

Fig. 7.5shows the variation of (sublatt ice) magnetization and quasiparticle residue

z across the phase diagram. Comparing with the 2 � 1 cluster equivalents in Fig. 6.2,

the variations arevery similar; although in Fig. 7.5(a)z canbeseento drop signi�c antly

on entering AFM- � or AFM- � — this is discussed in §7.4.2.

Proximity to the van Hove point at n � 0:78presentednumerical dif �cult ies due to

the cusp-like Fermi surface. At high U a slightly dif ferent solution (shown darker in

Fig. 7.4),with asmall antiferr omagnetic moment, was possible in the region of n = 0:78;

although this does not extend to low U, hence leaving a gap. Some of these features

are probably artifact s of the limited k-spaceresolution at the cusps;we do not consider

them furt her here. The phaseswith hole pockets do not show any signature of this

particle-hole transit ion, aswould be expected.

The remainder of this section is devoted to a more detailed, objective, analysis of

the phases(interpr etive discussion comeslater in §7.4);various representations of the

spectral functio n are presentedfor a number of demonstration points (§6.2contained

explanations of each of these representations). Calculations were again made using

120� 120points in the Brillouin zone,and a contour approachwas used for integrating

densities of states (c.f. Appendix C). Fig. 7.3 illustrates the path in momentum states

used for cross-sectionsof the spectral function.
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Figure 7.4: Ground state phase diagram (U=t; n) for the 2D Hubbard model within two-site quad-cluster DMFT,
with t0 = � 0:5t. Distinct solutions are dif ferent colours, and labelled PM (conventional paramagnetism), PM-�
(paramagnetism with hole pockets), AFM- � , AFM- � , and AFM- 
 (all antiferr omagnetism with hole pockets). The
phasesare characterized further in the text (as is the band near n = 0:78),and detailed spectrawill be presentedfor
the indicated points. The diagram has beentidied up to extrapolate acrossa few points with numerical dif �culties .

(a) (b)

Figure 7.5: (a) Quasiparticle weight z (sublattice averaged) and (b) sublattice magnetization jn" � n#j asa function
of (U ; n) for the ground state solutions of two-site quad-cluster DMFT with t 0= � 0:5t.
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7.3.2 Paramagnetic phase

Fig. 7.6 illustrates points within the conventional paramagnetic phase(PM in Fig. 7.4).

The Fermi surface encloses(0; 0) for n < 0:78 and (� ; � ) for n > 0:78, as shown in

Fig. 7.6(a)and Fig. 7.6(b) respectively. The point at (U = 12t, n = 0:78) is within the

region exhibiting a small sublattice moment (m � 0:01),and cusps in the Fermi surface

are slightly reduced. Fig. 7.6(c)and (d) show that the spectrum consistsof a renormal-

ized quasiparticle band (note the skewed density of statesdue to the t0 term) together

with Hubbard bands. The phase is indistinguishable from phase (a) of Fig. 6.1 for the

2 � 1 cluster (e.g. as illustr ated in Fig. 6.5), except for the expected consequencesof

t0 < 0, and the small distor tion at high U in the pair-cluster solut ion that is not ob-

served here.
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(a) nk acrossBrillouin zone (U = 12t, n = 0:78)
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(b) nk acrossBrillouin zone (U = 2t, n = 0:98)
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(d) Local density of states(U = 12t, n = 0:78), smoothed

Figure 7.6: Conventiona l paramagnetism (U = 12t, n = 0:78and U = 2t, n = 0:98);see§7.3.2for discussion.
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7.3.3 Paramagnetism with hole pockets (� -phase)

Fig. 7.7 illustrat es the small region of paramagnetism with hole pockets, labelled PM-

� in Fig. 7.4. The density of states in Fig. 7.7(d) shows the formation of a gap at the

Fermi level. This gap arises everywhere in the Brillouin zone apart from places near

(� =2; � =2): the spectral function — Fig. 7.7(c),(� ; 0) ! (0; � ) section — shows a plume

of low spectral weight branching off the main band and crossing the Fermi level. The

result is a hole pocket that is almost circular, visible as a discontinu ity in the electron

density nk in Fig. 7.7(a),and asthe regions of high spectral density at the Fermi level in

Fig. 7.7(b).The quasiparticle residue can be seento vary around the hole pocket, being

larger towards (0; 0), where the original Fermi surface lay.

In the vicinity of (� ; 0) the dispersion is gapped and there is no Fermi surface. The

non-interacting band is �at heredue to the van Hove point (seeFig. 7.7(c)).Interactions

cause it to split in two; each half expands over a larger region in momentum space

whilst staying fairly �at, but neither crossthe Fermi level anywhere now.

This phase is particularly interesting becauseof its relevance to the cuprates: it is

a paramagnetic state that exhibits both a pseudogap and arc-like Fermi surfaces. In

§7.4.3below, this comparison with the normal state of the cuprates will be made in

more detail.
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(b) Spectral density at � F across the Brillouin
zone
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Figure 7.7: Paramagnetism with hole pockets (U = 5t, n = 0:78); see§7.3.3for discussion. (b) shows A(k ; ! = 0)
with a relative scaleof spectral density.
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7.3.4 Antiferr omagnetism with hole pockets (
 -phase)

Fig. 7.8 illustrat es two points within the antiferr omagnetic 
 -phase of Fig. 7.4. Clear

hole pockets are visible near (� =2; � =2) in Fig. 7.8(a),which becomesmaller and less

distinct nearer the Mott transit ion (Fig. 7.8(b)). The spectral functio n in Fig. 7.8(c)

shows bands crossing the Fermi level that give rise to these hole pockets. As usual,

the hole pockets have a varying quasiparticle weight, becoming less distinct on the

outer portio n, where the band fades away along the (0; 0) to (� ; � ) spectral function

cross-section.

Spectral featuresare generally similar to the PM-� phaseabove, apart from the fact

that the entire band is involved in the creation of a hole pocket, rather than a plume

that branchesoff the main band.
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(a) nk acrossBrillouin zone (U = 4t, n = 0:9)
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(b) nk acrossBrillouin zone (U = 6t, n = 0:98)
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(c) Spectral function cross-section(U = 4t, n = 0:9); dark $ greaterspectral weight
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(d) Local density of states(U = 4t, n = 0:9), smoothed

Figure 7.8: Antiferr omagnetism with hole pockets, 
 -phase (U = 4t, n = 0:9 and U = 6t, n = 0:98); see§7.3.4for
discussion. The density of statesis plotted separately for eachof the two sublattices,and the Brill ouin zone is shown
with the second quasiparticle band of statesdrawn in the second RBZ for convenience (the dashed line indicates
the boundary).
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7.3.5 Antiferr omagnetism with hole pockets (� - and � -phases)

Fig. 7.9 and Fig. 7.10 illustrate points within the antiferr omagnetic � - and � -phases

of Fig. 7.4 respectively. General spectral features are similar to AFM- 
 and PM-� dis-

cussed above: near (� =2; � =2) etc. there are hole pockets where a band crossesand

recrossesthe Fermi level, and near (� ; 0) etc. there are gaps which split the dispersion

into �attened, slightly expanded bands above and below the Fermi level.

Like the PM-� phase, the spectral function is rather fragmented (in contrast to the

AFM- 
 phase). There is a �oating narrow central band between the active bottom

band and the upper Hubbard-like band, giving a spectrum reminiscent of the distort ed

phase (c) of the 2 � 1 cluster (seeFig. 6.8). The band that gives rise to the hole-pocket

Fermi surface is somewhat separate from the main dispersion, particularly apparent

in the AFM- � phase where only a weak plume crosses the Fermi level — exactly the

sameas in the PM-� phase.

The antiferr omagnetic � - and � -phasesare exceedingly close to each other in en-

ergy and dif fer only by the orientatio n of the hole pockets; in the � -phase (Fig. 7.10)

the hole pockets are aligned (conventionally) along the original Fermi surface line, like

the 
 -phase;but in the � -phase(Fig. 7.9)the pockets are aligned perpendicular to this.

In this latter case(AFM- � ), the quasiparticle residue is stronger on the outerside of the

pockets (opposite the the other phases)and fades away completely on the inner side.
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Figure 7.9: Antiferr omagnetism with hole pockets, � -phase (U = 8t, n = 0:9 and U = 7t, n = 0:98); see§7.3.5for
discussion. The density of statesis plotted separately for eachof the two sublattices,and the Brill ouin zone is shown
with the second quasiparticle band of statesdrawn in the second RBZ for convenience (the dashed line indicates
the boundary).
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Figure 7.10: Antiferr omagnetism with hole pockets, � -phase (U = 10t, n = 0:9 and U = 8t, n = 0:98); see§7.3.5
for discussion. The density of states is plotted separately for each of the two sublattices, and the Bril louin zone
is shown with the second quasiparticle band of statesdrawn in the second RBZ for convenience (the dashed line
indicates the boundary).
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7.4 Discussion

Many of the physical scenarios presented in Chapter 6 for the 2 � 1 cluster remain

true for the 2 � 2 cluster. For example, the pictur e of the Mott transit ion (§6.3.2)is the

same: the doped Mott insulator has a Fermi surface consisting of hole pockets, that

are separated by regions where the electron density falls smoothly and there are no

free carriers (breaking Lutting er's theorem). The hole pockets shrink as half-�lling is

approached, and become less distinct with increasing interaction strength U (seethe

nk plots in Fig. 7.8,Fig. 7.9 and Fig. 7.10). The only dif ferencefrom the pair-cluster is

that the hole pockets are placed near (� � =2; � � =2) for the quad-cluster.

The pictur eof Slaterantiferr omagnetism in §6.3.1is generally accuratefor the quad-

cluster phasesalso; the AFM- � and AFM- � phasesof this chapter are much like phase

(c) of Fig. 6.1. Intr oducing the t0< 0 term leads to a suppression of the more conven-

tional antiferr omagnetic phases(d) and (e) of Fig. 6.1for the quad-cluster, and enables

the AFM- 
 phaseto emerge.

In the rest of this section I shall discuss several topics pertinent to the quad-cluster,

beginning (in §7.4.1)with the effects that the t0 term has upon the antiferr omagnetism

and Fermi surface shapewithin the phases,and on the hybridization of the dispersion

with its (� ; � )-displaced ghost. In §7.4.2I examine the dif ferent Fermi surface distor-

tions in each phase and those of Chapter 6, and �nally experimental observations in

the cuprates are compared with pseudogap and arc-like Fermi surface phenomena —

now moved from the restricted positions of Chapter 6 to the correct places.

7.4.1 Next-nearest neighbour hopping (t0) and hybridization

Intr oducing a next-nearest-neighbour hopping t0 term to the lattice model has several

effects. First, the half-�lling point (n = 1) is now separate from the van Hove point,

where the Fermi surface switches from enclosing (0; 0) to enclosing (� ; � ) — this hap-

pens at n � 0:78 for t0= � 0:5. It is useful to be able to distinguish the consequences

of half-�lling and the van Hove point: their coincidence in the Hubbard model is not

necessarily re�ected in real materials.

The second effect of t0 is the creation of triangles on the lattice that will geometri-

cally frustrate antiferr omagnetism. Examining the sublattice magnetization, the effect

can be seen: jn" � n#j is typically 0:1 less in the frustrated model (t0= � 0:5) than the

unfr ustrated one (t0= 0). The effect on the range of the antiferr omagnetism off half-

�lling is somewhat surprising , though; at U � 7t, for example, the extent increases

from 0:8 < n < 1 when t0= 0, to 0:74< n < 1 when t0= � 0:5 (seeFig. 7.1and Fig. 7.4).

However , the van Hove points — being �at regions all linked by (� ; � ) antiferr omag-

137



7. RESULTS: 2 � 2 QUA D-CLUSTER D ISCUSSION

(a) (b)

Figure 7.11: Schematicvisualization of the formation of hole pockets. A non-interacting dispersion with t0= � 0:5,
shown in (a), hybridizes with a copy of itself displaced by a wave-vector (� ; � ). The result, with a hybridization gap
of 1:5t, is shown in (b). The “ghost” copy is weaker and is not visible exceptnear the intersection. The Fermi surface
is indicated with a green line, and the red lines show the cross-sections that are visible in the spectral function —
c.f. Fig. 7.6(c)and Fig. 7.8(c),for example.

netic wave-vectors — encourage the antiferr omagnetic instability , and have moved

down to n = 0:78from n = 1. It should also be noted that the antiferr omagnetic phases

consist of hole pocket phases,whose formatio n is encouraged by t0 < 0 (seebelow).

Thesetwo facts together can explain the increasein antiferr omagnetic extent. At half-

�lling, one would expect less antiferr omagnetism and for the order to appear above

some �nitesimal U instead of for U > 0.

Thir d, t0alters the Fermi surfaceshape,and this becomesimportant when the mech-

anism for self-hybridization is considered (c.f. §6.3.3)— i.e. how the dispersion � k can

overlap with the ghost dispersion � k+ (� ;� ) generatedby antiferr omagnetic �uctuations.

If t0= 0, by the time the Fermi surface is large enough that it can overlap with itself,

it has reacheda diamond shape,which has �at bands along (� ; 0) ! (0; � ) and cannot

construct hole pockets. A negative t0 causesthe Fermi surface to bend inwar ds near

(� =2; � =2) etc.,asshown in Fig. 7.2,and it never takes on a diamond shape. When the

Fermi surface is large enough to enclose(� ; � ), it still has portions in the �rst reduced

Brillouin zone, and hole pockets may be formed asshown in Fig. 7.3. A complete pic-

ture of the dispersion before and after this hybridizatio n processis shown in Fig. 7.11,

which will be useful for interpr eting spectral function cross-sections.

In §6.3.3I described the consequencesof hybridization with a ghost dispersion for
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the 2 � 1 cluster, and the general pictur e remains true for the 2 � 2 cluster. A gap

is formed, but the chemical potential � may or may not fall within it. At places in

momentum spacewhere it does, portions of the Fermi surface will disappear. Along

the line (� ; 0) ! (0; � ), the t0 causesthe band to curve, and additionally it is split by

U; seeFig. 7.11(b). Near (� ; 0) etc. � falls in the gap and there is no Fermi surface —

but further along, the lower band crossesand recrosses � , creating a hole pocket. In

the (0; 0) ! (� ; � ) dir ection Fig. 6.12remains relevant: the orig inal dispersion crosses

the ghost dispersion near (� =2; � =2), and when hybridized, the dispersion bends over

and fadesout becausethe ghost dispersion has lessspectral weight (this is apparent in

Fig. 7.8(c)).

7.4.2 Spontaneous distortions and soft Fermi surfaces

Whilst the pictur e above describes the state in the AFM- 
 phase Fig. 7.8 (§7.3.4)well,

there are rather more subtle effects in the AFM- � and AFM- � phases. However , the

geometrical understanding of Fig. 7.11 is correct and remains useful; the bands are in

effect just more fragmented by interactions.

First, we note that that hole pockets in AFM- � and AFM- � exist even when t0= 0

(see§7.2)— there is an effective t0spontaneouslygenerated. This tetragonal distort ion

has the sameunderlying causeas the spontaneous Pomeranchuk (lemon-shaped) dis-

tortio n in the 2 � 1 cluster (Chapter 6, c.f. §6.3.4):quasiparticles are easily displaced

from the (� ; 0) etc. points becauseof their low Fermi velocit y there. Here they move

to the (� � =2; � � =2) regions, but in Chapter 6 their redistribut ion was far more con-

strained.

The dif ferencesare due to the fact that the shapeof the cluster determines the types

of distort ion permissible. For example, in §6.3.4I noted for the pair-cluster that there

could only be opposite changes to the points (� ; 0) and (0; � ). For the quad-cluster

changesmust have the same sign, and hence dif ferent distort ions are observed. The

2 � 2 cluster permits tetragonal symmetry- breaking but does not permit distort ions

that break x-y symmetry. This is due to the restrictions put on the impurity model

that the bonds between the A and B sites are identical in the x and y dir ections. The

question of whether the Pomeranchuk instability of Chapter 6 is real (rather than an

artifact of the broken symmetry of the 2 � 1 cluster) cannot be answered yet, but could

be answered by an unrestricted 2 � 2 cluster.

Returning to the AFM- � and -� phases,it is apparent from the spectra (Fig. 7.10(c)

and Fig. 7.9(c)) that the hole pockets are not just a result of simple hybridization: the

Fermi surface is formed by plumes of spectral weight branching from the main bands
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(although AFM- � ). The sameis true for the paramagnetic � -phase;although here the

t0 is essential,as it encouragesthe formation of hole pockets and allows the paramag-

netic state with hole pockets to becomeenergetically favour ed in a certain region. The

quasiparticle residue for these three phases(seeFig. 7.5(a)) is reduced in comparison

to the other phases,becauseof the weaknessof theseplumes.

Thesethreephaseshave dif ferent shaped Fermi surfacesfor the hole pockets: per-

pendicular orientat ions of ovals for AFM- � and AFM- � phases,and an almost circular

shape for PM-� . The exact shapesshould not be given too much emphasis, since the

2 � 2cluster canonly support a limited number of shapes(c.f.Eqn 5.46for t0= 0) — the

important feature is the proximit y to (� =2; � =2). The crucial messagefrom the results

is the easeof distor tion of the Fermi surface, from the Pomeranchuk phenomenon of

Chapter 6 through to the evanescentplumes forming the variety of thesehole pocket

shapes (remember too that the AFM- � and AFM- � phases are exceedingly close in

energy): everything �ts the softFermisurfacepictur e of Metzner [112].

7.4.3 The cuprates: pseudogap and Fermi arcs

In this section I will compare our results for the PM-� hole pocket phase of Fig. 7.4

with experiments on the normal state of the cuprates. Note that the hole pockets in

this phaseare not just a result of hybridization of the Fermi surface containing a next-

nearest neighbour hopping t0< 0, but exist when t0= 0 and are a rather more subtle

interaction-caused momentum anisotropy. The t0 is required, though, to make this

phase energetically favour ed: it encourages the hole pockets once they are already

formed.

Angle-r esolved photoemission spectroscopy (ARPES)experiments on the high tem-

perature superconducting cuprates [127] observed that the superconducting gap ap-

pears to continue into the normal state, leaving a d-wave gap maximal in the (� ; 0)

dir ection and nodal in the (� ; � ) dir ection [136]. It was suggested that the Fermi sur-

face becomesgapped in the (� ; 0) regions (that are connected by (� ; � ) antiferr omag-

netic wave-vectors [119]) and disappears there. Marshall et al. [135] observed this

effect in Bi2Sr2CaCu2O8� � (seeFig. 7.12(b)),and more recently it was also observed in

La2� xSrxCuO4 [128] (seeFig. 7.13(b)). Other experimental probes that cannot resolve

momentum-space features show a gap near the Fermi level [136]. All these experi-

mental observations coincide with the results of our calculations; Fig. 7.7(d) shows a

signi�cant reduction in the density of states near the Fermi level, and Fig. 7.7(a)and

(b) demonstrate the lack of freecarriers in the region of (� ; 0).

Spectrally, the band below the Fermi level near (� ; 0) is observed to be very �at
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FIG. 3. (a),(b) Map peak centroids vs k for
Bi2Sr2Ca12 x2DyxCu2O81d thin �lms and deoxygenated
Bi2Sr2CaCu2O81d bulk samples, respectively, with various
hole doping levels. (a) Filled oval, 1% Dy| near optimal
dopingwith Tc ­ 85 K; gray diamond,10% Dy| underdoped
with Tc ­ 65 K; gray rectangular,17.5% Dy| underdoped
with Tc ­ 25 K; triangle,50% Dy| insulator. (b) Filled oval,
600 air anneal| slightly overdopedwith Tc ­ 85 K; gray dia-
mond,550 argonneannealed| underdopedwith Tc ­ 67 K.

levels: slightly overdopedsTc ­ 85 Kd and underdoped
via oxygenreductionsTc , 67 Kd. Of the two possible
FSpieces[10], we plot thegenerallyacceptedpieceof FS
centeredat (p ,p ). Theerrorbarsindicateour uncertainty
in k. The slightly overdopedsamplesTc ­ 85 Kd has
well-de�ned FL crossingsthatyield a largeFermisurface
centeredat (p ,p ), consistentwith the Luttinger theorem
[1]. The samplewith lessholeshasclear FL crossings
over a smaller portion of the BZ and its Fermi contour
doesnot extendto the BZ edge. The observationsmade
in Figs. 3 and 4 from underdopedbut still metallic and
superconductingsTc ­ 65 67 Kd samplesare not what
oneexpectsfrom a typical metal,certainlynot within the
bandpicture. As dopingis reducedbelow optimal, band
theory predictsthat the Fermi surfacewould only shrink
in areabut still keep its generalshape[as indicatedby
the dashedFS centeredat (p ,p )]. This meansthat there
shouldalwaysbea FL crossingbetween(p ,0) and(p ,p ),
in contrast to our data. However, these observations
are consistentwith the openingof an energygap at the
underlyingFSnearthe(p ,0) to (p ,p ) line.

Thereareseveralpossibilitiesfor the origin of this gap
in underdopedmaterial. The �rst possibility is quasipar-
ticle pairing without pair-pair coherencein the normal
state. This would open an energygap without the ex-
istenceof a coherentsuperconductingstate. Two classes
of pairingaboveTc havepreviouslybeendiscussed.The
�rst classis the pairing of quasiparticles[11{ 14], asdis-
cussedin termsof generalizeGinzburg-Landautheoryfor
d-wave superconductivity[11]. It hasalso beenargued

FIG. 4. Fermi level crossingsfrom two Bi2212 samplesof
differing oxygencontent. The entire BZ can be reconstructed
by fourfold rotationabout(0,0).

that the phase
uctuation is the limiting factor for Tc in
theseunderdopedsampleswherethepairsareformedwell
aboveTc [12{ 14]. The secondclassis d-wave pairing
of spinons[15], discussedin a prediction extendingthe
original resonatingvalencebondidea [16]. Both classes
of pairing aboveTc explainthe binding energyshift near
(p ,0) asa d2

x 2 y2 gapwhich is largestnear(p ,0) andis
nonexistentalongthe (0,0)-(p ,p ) line. Impurity scatter-
ing may causea regionof nearzerogapaboutthe (0,0)-
(p ,p ) line explainingwhy we seea sectionof Fermisur-
face[17]. Becausethe lowestbindingenergyexcitations
areindicativeof gapmagnitudes,the20{ 30 meV leading
edgeshift in thedataamongthesamplesof Fig. 2 should
be usedwhenassigninggapvalues. This methodis sim-
ilar to the one usedto characterizethe superconducting
gap[18].

Another possibleorigin of the gap is the formation
of a 45±-rotated,

p
2 3

p
2 symmetry (as seen in AF

insulating material) inducedby either the increasedAF
correlationsin the underdopedmaterialor by someother
effect with this same symmetry (such as a structural
distortion). If this newsymmetryhasrigorouslong-range
order, it resultsin a new BZ also centeredat (0,0) (the
edgeof which is indicatedin Fig. 4 by the dashedline)
causing(0,0) and (p ,p ) to be equivalent. The bands
on the (p ,p ) side of the new BZ edgebecomemirrored
replicasof thoseon the(0,0) side. Their mixing with the
original bandsopensa gap near (p ,0) similar to a spin
densitywave gap [19]. In our case,the new symmetry
could be relatively short rangeand 
uctuating in time,
but it may still causethis \gapping" behavior,althoughit
doesnot force (0,0) and (p ,p ) to be exactly equivalent.
The Fermi contour in this picture terminatesat the edge
of the �rst BZ of the new periodicity, and is made

4843
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Figure 7.12: (a) Spectrum and (b) Fermi surface from ARPESmeasurements on Bi2Sr2CaCu2O8� � , taken from Figs
3 and 4 of Ref. [135]. (a) is constructed from a variety of samples;the lower curves are more underdoped.

although weretain thenotation of the�rst BZ for thesake
of convenience.

Figures1(a) and 1(b) show energy distribution curves
(EDC’s) for the � � 
 and 0.03 samples in the
�
 � 
 �-� 
� 
 � di rection, i.e., in the nodal di rection of
the � -wavesuperconductor, wherethe � -symmetrysuper-
conducting gapvanishes. TheEDC’s for � � 
 show only
onebroaddispersive feature at � � � 
 �	 –
 �� � �� arising
from the lower Hubbard band, consistent with what has
beenobserved in another parent insulator �� � ��� � �� �
[9]. In going from � � 
 to � � 
 �
� , the lower Hubbard
band becomesa lit tle broaderand an addit ional sharp
feature crossing � 
 appears, indicating a metal l ic behav-
ior [seethe expanded plot in panel (c)]. This ‘‘i n-gap’’
state is reminiscentof the coherentpart of the spectral
function as predicted by dynamical mean �eld theory
calculations [10].

In orderto highl ight theenergy dispersionof thatsharp
feature, we show a gray-scale plot of the secondderiva-
tives of EDC’s in Figs. 1(d) and 1(e). The lower Hubbard
band observed for � � 
 at � � � 
 �	 –
 �� � �� remains
almost at the same binding energy with hole doping.
Instead, thereappear a sharp peak feature crossing � 

in thenodal di rection and abroadfeaturearound(
� 
 ) at
� � 
 �� � � corresponding to the ‘‘�at band’’ as in the
previous report [3]. Becauseof the � 
 �� � � gap, the
electronic states around (
� 
 ) would not contribute to

the metal l ic transport in the normal state, and only the
statesaroundthenodal di rection wouldcontribute to it. It
is ratherstriking to observesuchasharp peak crossing� 

for hole doping as small as 3%,which is near thebound-
ary betweenthe insulating AFI phase(
 
 � 
 
 �
� ) and
the insulating spin-glassphase[11] (
 �
� 
 � 
 
 �
� ).

In Fig. 2(a), wehaveplotted thedistribution of spectral
weight at � 
 in the 
 space(thereforetheenergy integra-
tion window � 
 � �
 ��� beginssetby the energy reso-
lution) for � � 
 �
� . This plot is obtained from the
spectra in the secondBZ and symmetrized with respect
to the �
 � 
 �-� 
� 
 � l ine. Thecolor imagewasproduced by
interpolating thespectral intensity of theseveral momen-
tum linesin two-dimensional momentum space. Owing
to the (pseudo)gaparound (
� 
 ), only the nodal region
remains strong in the � 
 intensity map. Figure 2(d) in-
deed indicatesthat� 
 crossingoccursonly near thenodal
direction, forming an arc of Fermi surface seen in
Fig. 2(a). The red dots in Fig. 2(a) are the peak position
of the momentum distribution curve (MDC) at � 
 which
representminimum gaplocusin the 
 space. The white

FIG. 1 (color). ARPESspectra for LSCOwith � � 
 and � �

 �
� . Panels (a) and (b) are EDC’s along the nodal direction
�
 � 
 �-� 
� 
 � in the secondBri l louin zone. The spectra for � �

 �
� are plotted on an enlarged scale in panel (c). Panels (d)
and (e) representenergy dispersions deduced from the second
derivative of the EDC’s. (For detai ls, seethe text.)

FIG. 2 (color). (a) Spectral weight at � 
 for � � 
 �
� plotted
in the momentum space. (b) Spectral intensity in the energy-
momentum (� -
 ) spacealong the nodal cut with the peak
position of momentum distribution curves for � � 
 �
� .
(c) Intensity pro�le along the arc Fermi surfaceas a function
of Fermi angle � [de�ned in panel (a)] for various doping
levels. The spectral intensities have beennormalized at � �
	� � . (d) Spectral intensity in the � -
 spacealong the arc for
� � 
 �
� . The plots in panels (a), (c), and (d) have been
symmetrized with respect to � � 	� � .
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although weretain thenotation of the�rst BZ for thesake
of convenience.

Figures1(a) and 1(b) show energy distribution curves
(EDC’s) for the � � 
 and 0.03 samples in the
�
 � 
 �-� 
� 
 � di rection, i.e., in the nodal di rection of
the � -wavesuperconductor, wherethe � -symmetrysuper-
conducting gapvanishes. TheEDC’s for � � 
 show only
onebroaddispersive feature at � � � 
 �	 –
 �� � �� arising
from the lower Hubbard band, consistent with what has
beenobserved in another parent insulator �� � ��� � �� �
[9]. In going from � � 
 to � � 
 �
� , the lower Hubbard
band becomesa lit tle broaderand an addit ional sharp
feature crossing � 
 appears, indicating a metal l ic behav-
ior [seethe expanded plot in panel (c)]. This ‘‘i n-gap’’
state is reminiscentof the coherentpart of the spectral
function as predicted by dynamical mean �eld theory
calculations [10].

In orderto highl ight theenergy dispersionof thatsharp
feature, we show a gray-scale plot of the secondderiva-
tives of EDC’s in Figs. 1(d) and 1(e). The lower Hubbard
band observed for � � 
 at � � � 
 �	 –
 �� � �� remains
almost at the same binding energy with hole doping.
Instead, thereappear a sharp peak feature crossing � 

in thenodal di rection and abroadfeaturearound(
� 
 ) at
� � 
 �� � � corresponding to the ‘‘�at band’’ as in the
previous report [3]. Becauseof the � 
 �� � � gap, the
electronic states around (
� 
 ) would not contribute to

the metal l ic transport in the normal state, and only the
statesaroundthenodal di rection wouldcontribute to it. It
is ratherstriking to observesuchasharp peak crossing� 

for hole doping as small as 3%,which is near thebound-
ary betweenthe insulating AFI phase(
 
 � 
 
 �
� ) and
the insulating spin-glassphase[11] (
 �
� 
 � 
 
 �
� ).

In Fig. 2(a), wehaveplotted thedistribution of spectral
weight at � 
 in the 
 space(thereforetheenergy integra-
tion window � 
 � �
 ��� beginssetby the energy reso-
lution) for � � 
 �
� . This plot is obtained from the
spectra in the secondBZ and symmetrized with respect
to the �
 � 
 �-� 
� 
 � l ine. Thecolor imagewasproduced by
interpolating thespectral intensity of theseveral momen-
tum linesin two-dimensional momentum space. Owing
to the (pseudo)gaparound (
� 
 ), only the nodal region
remains strong in the � 
 intensity map. Figure 2(d) in-
deed indicatesthat� 
 crossingoccursonly near thenodal
direction, forming an arc of Fermi surface seen in
Fig. 2(a). The red dots in Fig. 2(a) are the peak position
of the momentum distribution curve (MDC) at � 
 which
representminimum gaplocusin the 
 space. The white

FIG. 1 (color). ARPESspectra for LSCOwith � � 
 and � �

 �
� . Panels (a) and (b) are EDC’s along the nodal direction
�
 � 
 �-� 
� 
 � in the secondBri l louin zone. The spectra for � �

 �
� are plotted on an enlarged scale in panel (c). Panels (d)
and (e) representenergy dispersions deduced from the second
derivative of the EDC’s. (For detai ls, seethe text.)

FIG. 2 (color). (a) Spectral weight at � 
 for � � 
 �
� plotted
in the momentum space. (b) Spectral intensity in the energy-
momentum (� -
 ) spacealong the nodal cut with the peak
position of momentum distribution curves for � � 
 �
� .
(c) Intensity pro�le along the arc Fermi surfaceas a function
of Fermi angle � [de�ned in panel (a)] for various doping
levels. The spectral intensities have beennormalized at � �
	� � . (d) Spectral intensity in the � -
 spacealong the arc for
� � 
 �
� . The plots in panels (a), (c), and (d) have been
symmetrized with respect to � � 	� � .
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Figure 7.13: Spectral density (a) as a cross-section and (b) near the Fermi level from ARPES measurements on
La2� xSrxCuO4, taken from Figs 1 and 2 of Ref. [128] The compound is very underdoped; when x = 0 it is a anti-
ferromagnetic insulator and when x = 0:03it is just in the insulating spin-glass phase. In (a), note the �at band near
(� ;0) and the sharp feature near (� =2; � =2), and the lower Hubbar d band at � 0:6eV. (b) shows the arc-like Fermi
surface,and the band that gives rise to it.
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7. RESULTS: 2 � 2 QUA D-CLUSTER D ISCUSSION

(seeFig. 7.12(a)and Fig. 7.13(a)),and again our calculations show the samethings —

seeFig. 7.7(c). Note that ARPEScannot observe the un�lled bands above the Fermi

level included in this graph. The modulation near (� ; 0) in Fig. 7.12(a)for underdoped

cuprates is tantalisingly similar to Fig. 7.8(c),although the latter is from an antiferr o-

magnetically ordered state.

According to ARPESexperiments, the Fermi surface is thus eroded near (� ; 0) etc.,

and only remains in arc-like segments near (� =2; � =2) etc. — see Fig. 7.12(b) and

Fig. 7.13(b). It has been various ly suggested in the past (e.g. Refs [135] and [125])

that thesearcsoriginat e from portio ns of hole pockets; but signatures of the other side

have never beenobserved, in spite of ARPESworker sdir ectly searching for them [137].

Our calculations predict completed hole pockets, like the other theories, but we can go

further and explain why only an arc is observed by ARPES.The outer portion, com-

ing from the weaker “ghost ” dispersion, has a smaller spectral weight (seeFig. 7.7(b)),

and is likely to be too weak for ARPESto observe. PM-� solutio ns at lower n have an

even more uneven distribut ion of spectral weight, and the hole pocket is larger, giving

a curvatur e more like Fig. 7.13(b) (though in any case,we should not take too much

notice of the exact momentum spaceshapesas the 2 � 2 cluster gives limitations on

shapesasdiscussedabove).

Spectrally, the band bending over that causesthe far side of the hole pocket is visi-

ble near (� =2; � =2) — seeFig. 7.13(a),top right , agreeing with Fig. 7.7(c).In the under-

doped cuprates, which are nearer the antiferr omagnetic region of their phasediagram,

there is a band very reminiscent of the hybridization effect described above — see

Fig. 7.12(a),top left. In fact, the sample in Fig. 7.13is quite closeto being antiferr omag-

netic, so comparison may be made with Fig. 7.8also, which gives excellent agreement

on Fermi surface shapeand spectra.

The phenomena discussed above have been intensely studied theoretically, and I

shall now mention a sample of the literatur e; however few (if any) authors have pro-

duced complete pictur es that are dir ectly relevant. The idea of hybridization to pro-

duce hole pockets is well established (seee.g. Ref. [125]) and others have suggested

that the far side of the hole pocket may not beexperimentally observable[138]. Various

renormalization group approaches[139, 140] have shown how portions of the Fermi

surface disappear near (0; � ) etc. Theseplaces are the hot spotsthat were mentioned

in Chapter 2: at high temperatures quasiparticles can exist here but have short life-

times. Recenttheoretical approachesthat produce hot spots include that of Sénéchalet

al. [141] who use a cluster perturbatio n theory approach (but require secondand thir d

neighbour hopping, and the pockets are not clear). The Dynamical Cluster Appr oxi-

mation can produce hot spots without including a t0 term [142], and another CDMFT
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approach [64] also gets hot spots (with a t0); but neither of thesegive very clear results

about the Fermi surface.

7.5 Summary

The 2 � 2 quad-cluster investigated in this chapter is the last, and most sophisticated,

application of two-sit e cluster DMFT to be studied in this thesis. It allowed antiferr o-

magnetism and a range of momentum-dependent phenomena to be investigated co-

herently within dynamical mean-�eld theory. I have presentedresults for the the phase

diagram of the 2D Hubbard model, with and without a t0next-nearest-neighbour hop-

ping term. The detailed properties of the electronic spectral function and quasiparti-

cles gave some fascinating results, and reproduced features of the normal state of the

cuprates that have not beenunderstood.

The phase diagram is demarcated by borders between paramagnetism and anti-

ferromagnetism, and also by the Fermi surface shape. Some regions do not have a

conventional Fermi surface but instead a dramatically dif ferent shape consisting of

four hole pockets centred at (� � =2; � � =2). Generally, the distort ion that is necessary

to give rise to this shape occurs spontaneously from the effects of electronic interac-

tions. The many-body Hamiltonian generatesan effective t0 necessaryto create hole

pockets, and the dir ect t0we add enhancesthe effect, and allows a paramagnetic phase

exhibiting hole pockets to emerge. The spectral shapes can be well understood by

visualizing a non-interacting dispersion, with a dir ect t0, hybridizing with a (� ; � )-

displaced “ghost ” causedby antiferr omagnetic �uctuations. A good subject for futur e

study would be the completion of the other half (n > 1) of the phasediagram, and then

progressing towards a full pictur e of the effects of varying amounts of next-nearest-

neighbour hopping and higher order terms.

Severalcrucial featuresof the normal state of the cuprate high-temperatur e super-

conductors are reproduced in the paramagnetic phasethat we discovered with a Fermi

surface consisting of hole pockets, and we hope to publish these results. We observe

the formatio n of a pseudogap, by the erasure of Fermi surface in the region of (� ; 0).

ARPESobservations show a Fermi surface consisting of arcs,which are matched well

by the hole pockets seenin our calculations that show one side with very small spectral

weight that would probably be unobservable.

Spectral features are broadly similar to those seenin the results for the 2 � 1 pair-

cluster (Chapter 6). The mechanism for the approach to the Mott transitio n in an anti-

ferromagnetic environment, that emerged from the 2 � 1 cluster, remains true in the

2 � 2 cluster: hole pockets form, and increasing the number of electrons and the inter-
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action strength U causethem to shrink and becomelessdistinct. The dif ferenceis the

position of the hole pockets; for the 2 � 1 cluster, the positions of features within the

Brillouin zone were severely constricted, but the 2 � 2 cluster model allows the hole

pockets to exist in their natural (� =2; � =2) positio n. Also, an asymmetrical cluster en-

couraged x-y symmetry to be broken, a feature prohibited within the 2 � 2 cluster we

used. Whilst it is useful to have separatedthe effectsof this instability from other Fermi

surface distort ions, we still do not know if it is just an artifact of the cluster shape. To

answer this question, a 2 � 2 cluster should be studied with freebath parameters that

are not antiferr omagnetically constrained; aswell asallowing both types of symmetry

breaking, this would permit dif ferent types of magnetic order and more exotic phases

(such asspontaneouscurrents round a plaquette), and all could be studied on an equal

footing.
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Chapter 8

CON CLUSION S

Who can say how long the eyeof the vultur e

or the lynx requiresto grasp the totality of a

landscape,or whether in a comprehensive

instant the seemingly inexhaustible confusion

of detail fall s upon their eyesin an ordered

and intelligible seriesof distancesand shapes,

where the last detail is perceived in relation to

the corporate mass?

M ERVYN PEA K E

Titus Groan[143]
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Many approachesto strongly correlated electron systems in the past have neglected

momentum anisotropy, yet experiments on materials such asthe cuprate high temper-

ature superconductors have observed signi�cant ly anisotropic features. In this thesis, I

have investig ated both the causeand effect of anisotropy in momentum-space through

two separatecalculations, illustrating two complementary approachesto strongly cor-

related electron systems.

The �rst concernsmagnetotransport propert ies (Hall effect and magnetoresistance)

arising from a particular model of electron scattering within the normal state of the

cuprates. The project is phenomenological and experimentally oriented: photoemis-

sion measurements observed “hot spots” at particular places in momentum space,

where the electrons have a signi�cantly shorter lifetime. The calculations explored

the consequencesof this anisotropy for magnetotransport in the copper oxide layer of

thesecompounds.

In contrast, the approachof the secondproject is microscopic: we investigate,math-

ematically and computationally , a many-body model within a sophisticated approxi-

mation scheme.Speci�cally , we study the phasediagram and quasiparticle properties

of the square lattice Hubbard model within a minimal implementation of cluster dy-

namical mean-�eld theory, at zero temperature. The calculations show that one con-

sequenceof electron-electron interactions is the spontaneous break up of the Fermi

surface. The result is a state with four hole pockets separatedby regions without free

carriers: thus providing an origin for the momentum anisotropy observed in the planes

of the cuprates.

I shall now discuss the conclusions from eachof the two projectsin more detail.

8.1 Phenomenologic al model for magnetotransport

The aim of Chapter 2 was to investig ate the model proposed by Varma and Abrahams,

invoking anisotropicsmall-anglescatteringto attempt to explain the anomalous magne-

totransport properties of the high-temperatur e superconducting cuprate materials in

their normal state. They �nd that, given the marginal Fermi liquid linear temperature

(T) dependence of the resistivit y, small-angle scattering processescan give rise to a

quadratic T2 dependenceof the Hall angle, as is observed in experiments.

In this thesis, I have presented results of calculations for a large variety of Fermi

surfaces, scattering rates and other parameters, using a numerical technique, which

can provide a completely independent check on the calculations of Varma and Abra-

hams. The conclusion from these calculations is that the T2 dependence of the Hall

angle is only possible for Fermi surfaces which are specially tuned to be particle-hole
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symmetric, where the conventional Hall effect vanishes and the Hall angle is dominate

by a higher order term which has the necessaryunconventional T2 dependence.Small

deviations from particle-hole symmetry result in signi�c ant deviations from this law,

whereasexperimentally there is only a small changein the temperature exponent with

doping. However , it is possible that correlations between electrons subtly pin the sys-

tem very close to particle-hole symmetry regardless of doping, so we cannot rule out

the model on this basis.

I show here that the key to resolving the issueis the magnetoresistance. Conventional

metals obey Kohler 's rule, which related the temperature dependencesof the resistiv-

ity and the magnetoresistance, but measurements on the cuprates show a violation

of Kohler 's rule and suggest a modi�ed Kohler 's rule which relates the temperature

dependence of the magnetoresistance to that of the Hall angle. Varma and Abrahams

do not dir ectly calculate the magnetoresistance predicted by their model, and we cal-

culate it for the �rst time. I �nd that Kohler 's rule is not broken by the small-angle

scattering model: no combination of parameters can generate signi�cant deviations,

and certainly nothing like the modi�ed Kohler 's rule observed experimentally .

Thus we conclude that small-angle scattering doesnot underlie the anomalous nor-

mal state transport properties of the cuprates, and the explanation most likely doesnot

lie within a Fermi liquid pictur e. The question remains the subject of active research,

and more recent experiments on phenomena such as the optical Hall effect have en-

abled progressin our understanding of the electron relaxation rates in the cuprates.

8.2 Two-site cluster DMFT

Dynamical mean-�eld theory (Chapter 3) is one of the most exciting new techniques

for strongly correlated electron systems from the last decade. A major insight from

DMFT is how the Mott transit ion takesplace via a threepeak structure, that comprises

two Mott–Hubbar d bands existing simultaneously with an increasingly heavy central

quasiparticle peak. DMFT has aided progress with many other phenomena, for ex-

ample understanding of real materials through combinatio n with density functional

theory.

In conventional implementations, DMFT requires considerable computational re-

sources, and cannot represent momentum-dependent effects of correlations. In this

thesis I address these issues simultaneously with the development of two-sitecluster

DMFT. Within two-sit e DMFT (Chapter 4), the self-consistent bath of DMFT is repre-

sented by just a single site in an impurity model, but physically-mot ivated concepts

are used to determine self-consistency conditio ns. Many-body dynamical effects are
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retained; two-sit e DMFT is probably the simplest model that can reproduce all the key

featuresof the Mott transit ion.

Two-site DMFT, being computationally straightforwar d, constitu tesan ideal kernel

for DMFT self-consistency calculations in situations where we wish to concentrate on

further degreesof freedom. In this thesis, I combine two-sit eDMFT with cluster DMFT

for the �rst time (Chapter 5). Cluster DMFT involves a cluster of several sites, instead

of the single site of conventional DMFT, connected to some self-consistent bath. Now,

dif ferent types of local magnetic order may becompared con�dently , and the quantities

calculated by cluster DMFT are permitted somemomentum-dependence.

Our aim is to investigate the phasediagram and quasiparticle propert ies of the 2D

Hubbard model within two-sit e cluster DMFT, at zero temperature. The simplicity of

two-sit e DMFT is necessaryfor a comprehensive survey of the phase diagram — it

is too computatio nally expensive within conventional DMFT. The cluster approach is

not only essentialto representantiferr omagnetism, but we also �nd that therearesome

fascinating momentum-space featuresof electronic correlations.

Understanding of the phasediagram was built up through threeincreasingly com-

plex models; �rstly within two-site DMFT without a cluster (Chapter 4), secondly with

a 2 � 1 pair-cluster (Chapter 6), and thir dly with a 2 � 2 quad-cluster (Chapter 7). Here

I shall predominantly focus on the last.

Conventional DMFT showed how the pictur es of the Mott transit ion proposed by

Hubbard and Brinkman–Rice could be synthesized, and our cluster approach allows

the thir d pictur e of the Mott transit ion proposed by Slater (antiferr omagnetism) to be

incorporat ed simultaneously. We observe two predominant features in our phasedia-

gram: antiferromagnetism(ubiquitous at half-�lling, and maximally extends to 80%�ll-

ing), and regions where the Fermi surface is distor ted and forms holepockets, located

near (� =2; � =2) in the Brillouin zone. The hole pockets provide a mechanism for how

the Fermi surface can disappear through the Mott transit ion: as the insulating state is

approached, the pockets shrink and become less distinct; the combined quasiparticle

residue reduces,and the pockets will becomepoints and vanish at the point the ma-

terial becomesan insulator . Simultaneously, we observed a complex spectral pictur e

of how the the Hubbard bands and quasiparticle peak coexist with thesehole pockets.

The Slater gap is present,but its consequencesare anisotropic.

The distort ion of the Fermi surface into hole pockets is demonstrative of another

general feature: a softFermisurface. In the pair-cluster model, we observed a sponta-

neous Pomeranchuk lemon-shaped distortio n of the Fermi surface, with hole pockets

in corresponding places,and in the quad-cluster model we observed a variety of hole

pocket shapes in phases close in energy. Our approach did not allow a dir ect com-
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parison — we leave it as a future exercise to determine if there are circumstancesin

which the Pomeranchuk distort ion remains favourable. But the overall conclusion is

that there will be a number of closely competing distortio ns of the Fermi surface that

are signi�cant departur es from the non-interacting shape. Shape is just one possible

manifestation of this softness: it is indicative of more exotic phasessuch assupercond-

uctivity , and the �uctuations could lead to a breakdown of Fermi liquid theory.

Intr oducing a next-nearest-neighbour hopping t0term increasesthe favourability of

a paramagnetic state containing hole pockets, that reproduces many phenomena that

have beenobserved in the normal stateof the cuprate high-temperature superconduct-

ors. Weobservethe format ion of a pseudogap, whereapartial gap is formed and regions

of the Brillouin zone near (� ; 0) etc. are bereft of quasiparticles. The spontaneous for-

mation of hole pockets explains why transport properties depend on the doping 1 � n

rather than the Luttinger volume n. We predict a scenario where the Hall coef�cient

changessign, asthe Fermi surface goesfrom particle-like to consisting of hole pockets,

which is probably simultaneous with the metal becoming antiferr omagnetic. Finally,

the hole pockets that we observe exhibit a rather asymmetrical distributio n of spectral

weight: one side is very weak, and photoemission experiments would only be able

to observe the other side — they indeed seeonly arcs of Fermi surface. We predict

that with high enough resolution and sensitivity , and close enough to the Fermi level

(� F � � ), the other half of the pockets will becomevisible.

Self-consistent mean-�eld theory has some dangers. A wealth of phasesare pro-

duced, and whilst we can compare the energies of thesephasesto identify the ground

state, we can never be sure that there is not an additional, lower -energy phase that

has beenmissed. A simple example is how conventional DMFT is not able to support

antiferr omagnetism, which is lower in energy than paramagnetism. Phasesalso try to

exploit the detailed features of the model (such as the broken symmetry in the pair-

cluster), and further study has to be made to distinguis h how much propert ies are real

of artifacts of the model. The work in this thesis has been entirely restricted to zero

temperature, and it would be interesting to establish how thermodynamics alters the

ground statepictur e.

The models studied in this thesis can be viewed from many dif ferent perspectives,

and there are a vast number of possible extensions. The general pictur e of the 2D

Hubbard model phasediagram from a genuine many-body theory is a useful resource,

providing guidance for what more sophisticated DMFT representations (for example)

should look for.1 It is an achievement to seeso many phenomena emerge from just one

relatively simple model; its features that have been studied in the past have all been
1And indeed, other researchers have already used my work in this way.
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investigated within dif ferent, specialized models.

I have demonstrated that two-sit e cluster DMFT is an interesting technique that

should provide an effective “impurity solver” for many more complex problems, such

aslook ing for Fermi surface featuresand antiferr omagnetism in multiple-orbital mod-

els of real materials. Larger clusters and extended Hubbard models could be investi-

gated, and more detailed physical properties of phasesextracted, such asconductivit y

and the effects of a magnetic �eld; the possibility of superconductiv ity could be incl-

uded through the appropriate anomalous Green's functions. Finally, I would promote

two-sit eDMFT asa sophisticated boundary conditio n for any cluster approachto inter-

acting electron systems:asa vastly superior alternative to periodic boundary question,

single sites are just added to the edge of the cluster and constrained self-consistently,

and many-body effects will be included reliably.
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Appendix A

BOLTZM A N N TRA N SPORT

FORM ULATION

God keep me from ever completing anything.

This whole book is but a draught — nay, but

the draught of a draught. Oh, Time, Strength,

Cash,and Patience!

H ERM A N M ELVILLE

Moby Dick [144]
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The basis of our calculations in Chapter 2 is classicalBoltzmann transport theory [24,

29]. HereI reproducethe derivation of the linearized Boltzmann equation. Weconsider

the steady stateequation for the distributio n function fk . Wehave no dif fusion (spatial

homogeneity is assumed) and therefore the only processesaltering the distribut ion

in k-space are those due to applied electric and magnetic �elds, and a generalized

scattering. The k-vector of eachcarrier is changed according to

~�k = e(E+ vk � B)

(where eis negative for an electron) and the �rst order contribut ion to the distribut ion

is
@fk
@t �elds

= �
dk
dt

�
@fk
@k

= �
e
~

(E+ vk � B) �
@fk
@k

:

For a steady statewe require that the combined changein fk due to contribut ions from

the �elds and scattering is zero; hence

�
e
~

(E + vk � B) �
@fk
@k

+ Ck = 0 ;

where Ck is the rate of changeof the state k due to scattering.

We would like to look at the departur e from equilibrium so we write fk = f 0
k + gk ,

where f 0
k = (expf � (� k � � )g+ 1)� 1, the plain Fermi distributio n. We note that

@f 0
k

@k
=

@� k

@k
@f 0

k

@� k
= ~vk

@f 0
k

@� k
;

and so the cross-product causesthe term with B and f0
k to vanish. We also assume

that non-linear E2 contr ibutions are small and neglect the term E � r k gk , giving the

linearized Boltzmann equation

eE � vk
@f 0

k

@� k
+

e
~

vk � B �
@gk

@k
= Ck : (A.1)

In futur e calculations I shall chooseunits such that e= 1 and ~ = 1.
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Appendix B

BETH E LATTICE

Bring us in no egges,

for ther are many schelles;

But bring us in good ale,

and give us nothing elles;

And bring us in good ale.

A N ON YM OUS [145]
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The Bethe lattice, in which every lattice point is connected to a number z of others

which do not themselves interconnect (seeFig. B.1), is often used as the underlying

lattice for DMFT calculations since its self-consistency condition turns out to be sim-

ple.1 Here I shall derive the Green's function and density of statesfor the Bethe lattice

in in�nite dimensions, including the casewhen there is broken bipartite symmetry ; I

show also how the Bethe lattice is useful for the dynamical mean-�eld theory (DMFT)

self-consistency equations.

PSfragreplacements

i

j

1

2

Figure B.1: A portion of a Bethe lattice with coordination number number z = 3. For an in�nitely extended Bethe
lattice, expunging site 0 leavesa lattice subset (1, connected to site i), that is identical to the subset (2, connected to

site j) left when site i is additionally expunged. Hence the Green's functions G(0)
ii = G(0;i)

j j are equivalent.

B.1 Green's function

First we derive the non-interacting Green's function and hence the density of states.

Following Georgesetal. [52] we take a “cavity” approach,asno simple Fourier trans-

form is possible. The action is divided into several parts

S =
Z �

0
d�

h
cy

0(@� � � )c0

| {z }
S0

� å
i

t i0(cy
i c0 + h:c:)

| {z }
DS

i
+ S(0) ; (B.1)

wheresites f ig are the z neighbours of the cavity site 0, S0 is the action of site 0,and S(0)

is the action in the presenceof the cavity (i.e. when site 0 has beenremoved). Suppose

we integrate out all sites except site 0 and those connected to it; sites not connected to

any of f 0; ig will disappear into the determinant and cancel out, and the action is left
1A Lorentzian density of statesyields a simpler condition — but one in which the Green's functions

G0 and Glocal are no longer connected,which is not terribly useful.
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in the form

S = S0 + DS � å
i

Z �

0
d�

Z �

0
d� 0cy

i (�
0)G(0)

i i

� 1
(� 0� � )ci(� ) ; (B.2)

wherewe have intr oduced the Green'sfunctio n G(0) in the presenceof the cavity, when

S = S(0). Let us now integrate out the sites f ig by a completing-the-square identity

S =
Z �

0
d�

"

cy
0(@� � � )c0 � å

i
t2
i0

Z �

0
d� 0cy

0(� 0)G(0)
i i (� 0� � )c0(� )

#

; (B.3)

we have used here the Bethe lattice property that none of the i are connected to each

other. Hence we can relate the on-site Green's functio n to the Green's functions in

the presenceof the cavity : G00
� 1(i! n) = i! n + � � å i t2

i0G(0)
i i (i! n). If we are comparing

lattices with dif ferent coordinatio n numbers z, we must scalethe hopping such that the

electrons' kinetic and potential energies are in proportion; hencewe chooseti j = t=
p

z,

and noting that all sites i are identical

G00
� 1 = � � t2=zå

i
G(0)

i i = � � t2G(0)
i i ; (B.4)

where � = i! n + � . We can now furt her remove a site i, and exactly the sameequation

will result for nearest neighbours j of i, except there are only z � 1 of them since site 0

was already removed; hence

G(0)
i i

� 1
= � �

z � 1
z

t2G(0;i)
j j : (B.5)

In the limit of an in�nitely extended Bethe lattice, we can argue that thesetwo Green's

functions are identical, as illustrated in Fig. B.1. So, taking the limit of in�nite dimen-

sions z ! 1 , gives the on-site Green's function:

� = t2GBethe + G� 1
Bethe (B.6)

GBethe =
� �

p
� 2 � 4t2

2t2 : (B.7)

Taking care with the analytic structure of this functio n (there is a branch cut from � =

� 2t to � = 2t), its imaginary part yields a semi-circular density of states:

D(� ) =

p
4t2 � � 2

2� t2 (j� j < 2t) ; D(� ) = 0 (j� j > 2t) : (B.8)
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For two-sit e DMFT, we require the secondmoment of this density of states

å
k

� 2
k =

Z
d� � 2D(� ) = t2 : (B.9)

B.2 DMFT self-consistency

The local non-interact ing Green's functio n is de�ned to be G0;local(! + � ) = å k
1

! + � � � k
,

and so Eqn 3.7can be writt en

Glocal(i! n) = G0;local(i! n + � � (G� 1(i! n) � G� 1
local(i! n))) : (B.10)

This form is only useful if we know the local Green's functio n explicitly; for most

lattices, we cannot carry out the k-sum analytically . But for the Bethe lattice, we can

write (using Eqn B.6)

G� 1(i! n) = i! n + � � t2Glocal(i! n) : (B.11)

This gives an explicit prescription for reconstructing a new function G from the inter-

acting Green's function Glocal such that they are self-consistent on a Bethe lattice; this

is equivalent to matching on-site and lattice Green's functions .

B.3 Two-sub lattice symmetry breaking

We can derive dir ectly the Green's functio n for a Bethe lattice where alternate sites

are dif ferent — this is relevant for the study of antiferr omagnetism, and provides a

double check on the equations produced for antiferr omagnetic DMFT self-consistency

(c.f. §4.4.1).In in�nite dimensions, Eqn B.5above becomes

G(0)
i i

� 1
= � � t2G(0;i)

j j : (B.12)

If symmetry is broken an A-type Green's functio n must be related to a B-type Green's

function by this relation, and vice versa. Also, some intrinsic property of the A-site

must be dif ferent from that on the B site, so there are now two dif ferent � A, � B. Sowe

have

G(0)
A;i i

� 1
= � A � t2G(0;i)

B; j j ; G(0;i)
B; j j

� 1
= � B � t2G(0;i ; j)

A;kk ; (B.13)
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combining theseto eliminate GB gives

t2� AG2
A � � A � BGA + � B = 0 ) GA =

1
2t2

s
� B

� A

�
� A � B �

p
� A � B � 4t2

�
: (B.14)

In DMFT, the dif ference between A and B is given by the self-energy, and we have

� A;� = ! + � � S� , � B;� = ! + � � S�̄ ; Eqn 4.26can be reproduced using Eqn B.14.

157



Appendix C

COM PUTATION A L TECH N IQUES

Life is easyto chronicle, but bewildering to

practise...

E. M . FORSTER

A Roomwith a View [146]
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In this Appendix the computat ional and numerical techniques utilized in each part

of this thesis are outlined, and the root-�nding procedure used to solve the two-site

DMFT self-consistency equations is discussedin detail in §C.1.Mathematica was used

for many of the calculations for Chapter 2; its LinearSolve routine generally dealt

well with the badly-condit ioned scattering matrix (despite complaining). The core of

two-sit e dynamical mean-�eld theory (DMFT) parts was done using programs written

in C. In addition, Perl was used to manage exploration of the (U ; n) phase diagram

(interfaced to C using SWIG [147]) and for data collection, and Mathematica for some

algebra and the presentation of data (phasediagrams and other graphs).

Diagonalizing the DMFT impurity model was done dir ectly with rout ines from LA-

PACK [148] (e.g.dsyev ) for plain two-sit e DMFT and for the 2 � 1 cluster. For the 2 � 2

cluster a Lanczos approach is necessary, and to calculate the ground state I used the

dnlaso routine from LASO [149]. Lanczos is used to calculate the zero temperature

Green's function [150]. Identifying convergenceof the Green's function is tricky , and

I probed it near the ground state eigenvalue and at nearby poles (identi�ed using the

LAPACK rout ine dstevx to �nd eigenvalues of a tridiagonal matrix).

Numerical integrat ion of the density of statesis required to evaluate the lattice �ll-

ing (and also the energy and nk ), and for this I used routines from QUADPACK [151]

within the GNU Scienti�c Library (GSL) [152]. For earlier calculations, on the Bethe

lattice, it is necessary to identify the singularities on the edges of the square root

(e.g. where ! + � � S� (! ) = 2t for Eqn 4.18); these can be calculated by �nding the

roots of polynomials, when S� (! ) is expressed as Eqn 4.14, using the GSL routine

gsl_pol y_complex_ solve .

When k-dependence is included explicitly , the k-sum was done as a simple sum

(with look-up tables for all possible quantities), and prior to the numerical integration

(i.e. for each ! point). Densities of states were calculated from the imaginary parts

of a Green's function, with an analytic continuation ! ! ! + i � to broaden the delta

functions. All poles lie on the real axis, and so we can chooseany contour which en-

closesthe lower half of the real axis and goesthrough zero, begin careful of preserving

the measure of distance along the contour. The contour is chosento be a considerable

distance away from the real axis to make the functio n smooth and easily integrat ed

numerically; for this I used in�nite range functio ns such asgsl_integ ration_qag il .

In later stages,numerical dif ferentiation is required to calculate Z, and I used the

gsl_dif f_central routine. For the 2 � 2 clusters, it is necessaryto carry out operations

(such as inversion) on a 4 � 4 matrix, for which I code the algebra dir ectly.
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C. COM PUTATION A L TECH N IQUES M ULTIDIM EN SION A L ROOT-FIN DIN G

C.1 Multidime nsional root-�nd ing

At the core of two-sit e DMFT is a set of self-consistent equations that I solve by means

of multi-dimensional root-�nding, to �nd the parameters of the dynamical �eld that

causethe self-consistent equations to be satis�ed. The alternative (often used for con-

ventional DMFT) is to obtain explicit analytical expressionsfor theseparameters from

the self-consistency equations, and iterate; but in general, this is not possible, and iter-

ation is lessreliable than root-�nding.

Matching Green's functio ns (e.g. Eqn 4.4) gives a number of self-consistency con-

straints, which must be equal to the number of impurity model parameters, and the

problem can be rewrit ten in the form F(x) = 0 (c.f. §4.3.2).x is the vector of input pa-

rameters (characterizing the dynamical �eld), from which we can calculate the vector

function F that gives the distance from self-consistency for eachof the equations.

We wish to �nd the best way to treat this problem computatio nally, regarding the

function F as a black box. Calculating F is computationally expensive (for two-site

DMFT it will involve large matrix diagonalization and numerical integratio n); and we

certainly do not know its gradients analytically . This means that the best approach is

the Broydenmethod[153], which is basedupon Newton's method for the calculation of

the optimal step � x:

F(x + � x) ' F(x) + r F(x) � � x ) � x = � (r F)� 1 � F(x) for F(x + � x) = 0 (C.1)

where r F is the Jacobianmatrix. Although the directiongiven by this � x is guaranteed

to decrease jFj2, it may have too large a magnitude and extend beyond the region

where the approximation is valid; hencewe may need to backtrack, and a line search

should be used to �nd the optimal step size quickly [153].

Evaluation of the Jacobianmatrix r F is not possible analytically for DMFT, and

in larger dimensions, evaluation by �nite dif ferencesis costly. Broyden [154] derived

the optimal way of updatingthe Jacobian,from how the function F has changed in the

previous Newton step:

Ji+ 1 = Ji +
(� Fi � Ji � � xi) 
 � xi

� xi � � xi
; (C.2)

where J is the approximateJacobian. The initial Jacobianhas to be calculated by �-

nite dif ferences;and the approximate Jacobiangradually deteriorates, so occasionally

(when the line search fails to provide a suitably good step) it needsto bereinitialized by

�nite dif ferences.In practice, the algorithm hasproved very reliable, and convergence

is rapid once the minimum is reasonablyproximate (even in nine dimensions).
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